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Abstract. In this paper, we develop the theory of relative log convergent cohomology. 
We prove the coherence of relative log convergent cohomology in certain case by using 
the comparison theorem between relative log convergent cohomlogy and relative log 
crystalline cohomology, and we relates relative log convergent cohomology to relative 
rigid cohomology to show the validity of Berthelot's conjecture on the coherence and the 
overconvergence of relative rigid cohomology for proper smooth families when they admit 
nice proper log smooth compactification to which the coefficient extends logarithmically. 



Let be a perfect field of characteristic p > and let be a complete discrete valuation 
ring of mixed characteristic with residue field k. For a scheme X of finite type over 
k, theory of convergent cohomology of X over V is developped in [01] and [02]. In 
[02], Ogus proved two comparison theorems concerning convergent cohomology: One is 
the comparison theorem between convergent cohomology and crystalline cohomology for 
smooth schemes over k and the other one is the comparison theorem between convergent 
cohomology and rigid cohomology for proper smooth schemes over k. As a consequence, 
he deduced the finiteness of rigid cohomology for proper smooth schemes over k with 
coefficient (which is an overconvergent isocrystal). 

The theory of convergent cohomology is extended to the case of log schemes in [03], [SI], 
[S2]. In the paper [S2], we proved the comparison between log convergent cohomology and 
log crystalline cohomology for log smooth log schemes over k and the comparison between 
log convergent cohomology and rigid cohomology for proper log smooth log schemes over 
k under certain condition on coefficients. As a consequence, we proved the finiteness of 
rigid cohomology of a smooth fc-scheme X with coefficient S (which is an overconvergent 
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F-isocrystal) when X admits a proper log smooth compactification to which S extends 
logarithmically. (Note that, soon after the paper [S2] appeared, the finitcness of rigid 
cohomology with coefficient is proved without any assumption by Kedlaya [Ke2]. However, 
we think that the approach in [S2] is still interesting. Recently Kedlaya has given a proof 
of a conjecture proposed in [S2], which also implies the finiteness of rigid cohomology in 
general case. See [Ke3] and his subsequent papers for detail.) 

The purpose of this paper is to develop the theory of log convergent cohomology in 
relative situation. (We also remark here that the field k in the main body of this paper 
is not necessarily perfect before the Probenius structure comes in.) We prove the com- 
parison theorem between relative log convergent cohomology and relative log crystalline 
cohomlogy and then we relates relative log convergent cohomology to the relative rigid 
cohomology (defined in [C-T], see also [Be2]). As a consequence of the former result, we 
deduce the coherence and the log convergence of the relative log convergent cohomology 
in certain case and by combining it with the latter result, we deduce the coherence and 
the overconvergence of relative rigid cohomology for proper smooth families when they 
admit nice proper log smooth compactification to which the coefficient (which is an over- 
convergent isocrystal) extends logarithmically. Note that, in relative situation, we need 
to develop the theory of 'log' convergent cohomology even to treat only proper smooth 
families because we will need 'log structure along boundary' of the given family to prove 
the coherence and the overconvergence. 

The coherence and the overconvergence of relative rigid cohomology for proper smooth 
families is conjectured by Berthelot ([Be2], see also [Ts2]). (However, we would hke to 
note that we can formulate the conjecture in several ways. For the discussion on the 
statement of the conjecture, see Section 5.) Our result gives an affirmative answer to 
a version of this conjecture under certain assumption. This conjecture of Berthelot has 
been known in the case when the given family lifts to proper smooth families of formal 
schemes ([Be2], [Ts2]) and in the case where a given family is a family of abelian varieties 
and the coefficient is trivial ([E]). There is also an result ([M-Tr]) treating the case when 
the base scheme of the family is a smooth curve and the coefficient is trivial, whose proof 
depends on an unpublished result of Kedlaya ([Kel, 6.1]). A weaker conjecture (generic 
coherence and generic overconvergence) is known in the case of proper smooth families of 
curves ([Ts2]). Our result seems to be applicable to many cases where the given family is 
not necessarily liftablc (after any etalc base change) to a family of formal schemes. 

Let us explain the content of this paper in more detail. In Section 1, we give a review of 
the relative log crystalline cohomology (defined in [Ka]) and prove the finiteness and the 
base change property of it for proper log smooth integral morphisms which are slightly 
stronger than the known results in the literature. In Section 2, we give the definition 
and basic properties of relative log convergent cohomology and we prove the relative 
version of log convergent Poincare lemma and the comparison theorem with relative log 
crystalline cohomology for log smooth morphisms. Some of the results in this section are 
also considered in [N-S] . Although the proofs are basically the same as the absolute case 
(given in [S2, Chapter 2]), we give (a sketch of) proofs by two reasons: One is for the 
completeness of this paper and the other is to point out that some parts of the proofs 
in [SI], [S2] can be generalized and simplified. In particular, in this paper, there are no 
assumptions in the statement of theorems which require the log schemes to be 'of Zariski 
type' (for definition, see [S2, 1.1.1]). We also give correction to some errors in [S2]. In 
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Section 3, we prove the finiteness and the base change property of relative log convergent 
cohomology for proper log smooth integral morphisms 'having log smooth parameter' (for 
definition, see Definition 3.4). We prove it by using the comparison theorem with relative 
log crystalline cohomology proved in the previous section, but we need a little argument 
here, because relative log crystaUine cohomology is defined only in the case where the 
base log scheme admits a PD-closed immersion into a log (formal) scheme, while we do 
not need PD-structurc in the case of relative log convergent cohomology. In Section 
4, we introduce an analytic variant of relative log convergent cohomology (which we call 
relative log analytic cohomology) and compare it with relative log convergent cohomology 
for proper log smooth integral morphisms having log smooth paramter. In relative case, 
relative log analytic cohomology is a sheaf of certain rigid analytic space, while relative 
log convergent cohomology is a sheaf on certain formal scheme. We prove that the latter 
is nothing but the specialization of the former in appropriate situation. Prom this result, 
we deduce the coherence and the log convergence of relative log analytic cohomology. 
In Section 5, after giving a review of relative rigid cohomology (defined in [C-T]), we 
prove the comparison theorem between relative log analytic cohomology and relative rigid 
cohomology for proper log smooth integral morphisms having log smooth parameter. This 
implies the coherence and the overconvergence of relative rigid cohomology for proper 
smooth families when they admit a proper log smooth integral compactification having 
log smooth parameter to which the given coefficient (which is an overconvergent isocrystal) 
extends logarithmically. 

We plan to write the following topics in forthcoming papers: First, we plan to establish 
variants of relative log convergent cohomology and relative rigid cohomology to prove (a 
version of) Berthelot's conjecture in general case. Second, we plan to discuss on the generic 
coherence and the generic overconvergence of relative rigid cohomology for non-smooth, 
non-proper families. 

The author would hke to thank Pierre Berthelot for pointing out first that the construc- 
tion of log tubular neighborhood in [S2] can be done without 'of Zariski type' hypothesis. 
He would like to thank Bruno Chiarellotto and Marianna Fornasiero for pointing out the 
same thing: Discussion with them on their paper [C-F] was helpful also to him. He would 
like to thank to Yukiyoshi Nakkajima for allowing him to include some results which have 
overlaps with the joint work [N-S] in this paper. He would like to thank to Kazuya Kato 
for inviting him to give a talk at a conference held at Kyoto University, and to Nobuo 
Tsuzuki and Makoto Matsumoto for inviting him to give a talk at a conference held at 
Hiroshima University. The author is partly supported by Grant-in- Aid for Young Scien- 
tists (B) , the Ministry of Education, Culture, Sports, Science and Technology of Japan, 
and JSPS Core-to-Core program 18005 whose representative is Makoto Matsumoto. 

Convention 

(1) Throughout this paper. A; is a field of characteristic p > 0, W is a. fixed Cohen ring 
of A" and K is the fraction field of W. Wc fix a p-adic fine log formal scheme (B, Mb) 
separated and topologically of finite type over Spf as a base log formal scheme. (Note 
that B is Noetherian.) We denote the scheme {B, Mq) Z/pZ by [B, Mb)- We denote 
the category of fine log (not necessarily p-adic) formal schemes which are separated and 
topologically of finite type over (B, Mg) by (LFS/B) and denote the full subcategory of 
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(LFS/i3) which consists of p-adic ones by (pLFS/B). Wc denote the full subcategory of 
(LFS/i3) which consists of usual fine log schemes by (LS/B) and the full subcategory 
which consists of fine log schemes over {B, Mb) by (LS/B). We call an object in (LFS/B) 
a fine log formal B-scheme, an object in (pLFS/B) a p-adic fine log formal B-scheme, 
an object in (LS/B) a fine log B-scheme and an object in (LS/B) a fine log 5-scheme. 
(When log structure is trivial, we omit the term 'fine log'.) Note that, in Section 5, we 
will impose more assumptions on B. 

(2) For a formal i3-scheme T, we denote the rigid analytic space assocated to T by Tk- 

(3) In this paper, we freely use terminologies concerning log structures defined in [Ka], 
[SI] and [S2]. For a fine log (formal) scheme {X,Mx), (X, Mx)triv denotes the maximal 
open sub (formal) scheme of X on which the log structure Mx is trivial. A morphism 
f : {X,Mx) — ^ (y. My) is said to be strict if /*My = Mx holds. 

(4) For a site 5, we denote the topos associated to 5 by »S~. 

(5) Fiber products of log formal schemes are completed unless otherwise stated. On the 
other hand, the completed tensor product of topological modules are denoted by (8) to 
distinguish with the usual tensor product 0. 

1. Relative log crystalline cohomology 

In this section, first we give a review of the definition and the basic properties of log 
crystalline site and log crystalline cohomology (which are defined by Kato [Ka]) and then 
we prove the finiteness and base change property of log crystalline cohomology when 
the coefficient is a locally free isocrystal. In the case where the coefficient is an isocrystal 
which comes from a locally free crystal, corresponding results are deduced from the results 
of Kato [Ka] (the log version of the results of Berthelot [Bel]) fairly easily, but the results 
here are slightly stronger than them since a locally free isocrystal does not necessarily 
come from a locally free crystal. After that, we define the relative version of HPD- 
(iso)stratification (which are introduced in [SI, 4.3.1] in the absolute case) and prove a 
relation with (iso)crystals. 

First we fix the notation concerning localization of categories and (system of) sheaves 
on p-adic formal schemes. 

Definition 1.1. For an additive category C, let us define the category Cq in the following 
way: An object ofCq is the same as that ofC and the set of homomorphisms is defined by 

HomcjX, Y) := Q ®^ Homc(X, Y). 

When we regard an object X in C as an object in Cq, we denote it by X . 

Definition 1.2. (1) Let T be a p-adic formal scheme and let Tn be the closed sub- 
scheme of T defined by p''^Ot- Then we define the category M(T) as the category 
of projective systems (M„)„, where M„ is an Or^-module of finite presentation 
satisfying M^+i ®Ot„+i = M„. 
(2) Let T be a Noetherian p-adic formal scheme. Then we denote the category of co- 
herent sheaves of Or -modules by CoL^Ot) and let Coh(Q ® Ot) be the category 
of sheaves of Q ®z Ot -modules on T which is isomorphic to Q,®^ F for some 
F e Coh(Cr)- call an object o/Coh(Q ® Ot) an isocoherent sheaf on T . 
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For ap-adic formal S-scheme T, it is known ([Gr-Dl, 10.10.3], [01, 1.2]) that there are 
canonical equivalences of categories M(T) = Coh(0r), Coh(Q O^) — Coh{OT)Q- So we 

have M(T)q = Coh(Q ® Or). 

Remark 1.3. In [SI, §4.3], we used the category Coh(Q Ot) for non-Noetherian T at 
some points, but this is not correct: We should have used the category M(T)q instead. 
For this reason, we will correct some of the arguments in [SI, §4.3] in Definition 1.21 - 
Proposition 1.24 below. 

Now we recall the definition of log crystalline site and relative log crystaUine cohomol- 
ogy. Assume we are given a diagram 

(1.1) {X, Mx) My) ^ {y, My), 

where / is a morphism in (LS/B), {y,My) is an object in (pLFS/B) and l is the exact 
closed immersion defined by pOy. Denote the canonical PD-structure on pOy by 7. (Note 
that (LS/B) is a subcategory of (pLFS/B). So we allow the case where {y, My) is a fine 
log i3-scheme.) 

Definition 1.4. With the above notation, we define the log crystalline site (X/y)^"^^^ of 
{X,Mx)/iy,My) as follows: An object is T := {{U,Mu),{T,MT),i,S), where {U,Mu) 
is a fine log scheme strict etale over {X, Mx) and (T, Mt) is a fine log scheme over 
{y,My) ®ip Z/p"Z for some n. i : {U,Mjj) ^ (T,Mt) is an exact closed immersion 
over {y,My) and S is a PD-structure on Kct{Ot Ou) which is compatible with 7. 
The morphism is defined in natural way and the coverings are the ones induced from, etale 
coverings ofT. We denote the sheaf on (X/3^)J.°|g defined by T ^ r(T, Ot) by Ox/y- 
We denote the right derived functor {resp. the q-th right derived functor) of the functor 

(x/yy^f- y^^,; j^^{u^ v{{x xy u/u)X, ^)) 

by Rfx/y, crys*^ {resp. R'^ fx/y,crjs*J^) ■ We call R'^fx/y, crys*^ the q-th relative log crys- 
talline cohomology of {X, Mx) / (3^, My) with coefficient T . 

Remark 1.5. The q-\h relative log crystalline cohomology defined above is usually called 
the q-Xh log crystalline cohomology. We put the word 'relative' just to emphasize that y 
is not necessarily equal to Spf W . 

Remark 1.6. Rfx/y.ays*^ (resp. R'^fx/y, ays*^) is usually denoted by Rfx/y.*J^ (resp. 
R'' fx/y,*^)- However, we decided to put the subscript 'crys' in this paper because we 
treat many other relative cohomology theories later in this paper. 

Remark 1.7. Let {X^'\ Mxw) {• G A) be a diagram (indexed by a small category 
A) of fine log S-schemes over (F, My). Then we can define the log crystalline topos 
{X^'yyy°^'^ of {X^*\Mx('))/{y,My) as the topos associated to the diagram of topoi 
{{X(^yyy^'-},eA. (see [SD], [Bel, V.3.4].) 

Next we recall the notion of (iso)crystals: 

Definition 1.8. Let the notation be as in Definition 1.4- 

(1) A sheaf of Ox/y -modules on {X/yy^^^ is called a crystal if, for any morphism 
(f : T' — > T in (X/3^)^°|g, the canonical homomorphism of sheaves ip*J-T — > J't' 
is an isomorphism. {Here J-TiTt' denotes the sheaf on Tza^^zar induced by T.) 
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(2) A crystal T is said to he of finite presentation {resp. loeally free of finite type) 
if is an Ox-module of finite presentation {resp. a locally free OT-niodule of 
finite type) for any T G (X/3^)J,°.|g. We denote the category of crystals of finite 
presentation on by Ccrys((X/3^)'°s) . 

(3) A category of isocrystals /crys((^/3^)^°^) on (-^/D^)cr|s defined to he the category 

Ccrys(W3^)^°^)Q. 

(4) For £ = Q (8) e 7„y,((X/:V)'°s), we put 

Rfx/y, ciys*^ '■— Q ®Z Rfx/y,CTys*^, fx/y,crys*^ '■— Q ®Z R"^ fx/y,crys*^ 

and we call R'^ fx/y,crys*^ the q-th relative log crystalline cohomology of {X, Mx)/ 
{y,My) with coefficients. 

Next we define the notion of local freeness of isocrystals. To do this, first we define the 
notion of local freeness in the category M{T)q. 

Definition 1.9. LetT be a p-adic formal scheme. Then M G M(T)q is called locally free 
if M is isomorphic to a direct summand ofQ^ {^tD^ {where Tn '.= T for 
some r G N Zariski locally on T. When T is a p-adic formal B-scheme, we say an object 
M in Coh(Q ® Ot) a locally free Q ®i Ox-module if the corresponding object in M{T)q 
is locally free. 

Remeirk 1.10. When T is an affine p-adic formal B-scheme, M G Coh(Q(8)OT) is locally 
free if and only if it is associated to a finitely generated projective Q (8) r(T, OT)-module. 

Contrary to the name, a locally free Q ®z OT-module in the sense of Definition 1.9 does 
not necessarily has the form Q^zO®^ Zariski locally on T. M G Coh{Q®OT) is a locally 
free Q ®z Or-module if and only if the corresponding coherent sheaf on the rigid analytic 
space Tk is a locally free CT^-niodule with respect to the Grothendieck topology on Tk- 

Next we define the notion of a p-adic system in {X/yy°^^^ as follows: 

Definition 1.11. Let the notation he as above. A projective system of objects in (X/3^)|,°|g 
of the form {{{U, Mu), {Tn, MT„),in, Sn)}n is called ap-adic system in (X/3^)J,°|g if{T, Mt) 
:— lim„(T„,MT^) is a p-adic fine log formal B-scheme satisfying {T,Mt) ®Zp Z/p"Z 

Let :r be a crystal of finite type on {X/y f°^^ and let T :={(([/, M^/), {Tn,MT^),in, 
5n)}n be a p-adic system in {X/yY°^^. Then {J^Tn)n forms an object in M(T), which we 
denote by J^t- So, for an isocrystal S := Q ® J-' on {X/yy°^,^ and a p-adic system T in 
{X/yy°^g, we can associate the object Q in M(r)Q, which we denote by £t- 

Definition 1.12. An isocrystal S = Q®J-' is called locally free if, for any p-adic system 
T := {{{U,Mu), {Tn,MT„),in,Sn)}n {X/yf^^, St G M(r)Q IS locally free m the sense 
of Definition 1.9. 

Remark 1.13. In the previous papers [SI], [S2], M G Coh(Q ® Ot) is called locally free 
if it has the form Q ®z Ot^ Zariski locally on T and an isocrystal £ is called locally free 
if each £t has the form Q ®i Ot Zariski locally on T. But these definition are not good 
for this paper because the imposed condition is too strong. So we change the definition 
here. 
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Remcirk 1.14. If is a locally free crystal of finite type, then £ — is a. locally 

free isocrystal. However, we do not know if, for a locally free isocrystal S, there exists a 
locally free crystal of finite type J- satisfying S = J-'. We are doubtful for this claim. 

In the rest of this section, for a p-adic formal log scheme {S.Ms), we denote the log 
scheme {S,Ms) Z/p^Z, by {Sn,Ms„). Now we recall several basic properties of log 
crystalline site and relative log crystalline cohomology. 

Assume we are given the diagram (1.1) and assume for the moment that {X,Mx) 
admits a closed immersion {X, Mx) {V, M-p) into a p-adic fine log formal i3-scheme 
which is formally log smooth over {y,My). Let {D^Mo) be the p-adically completed 
log PD-envelope of (X, Mx) in (V,M-p). Let MC„ be the category of Ou^-modules of 
finite type with integrable quasi- nilpotent (in the sense of [04, p. 19]) log connection on 
[Vn, M-p^)/{yn, My^) which is compatible with the canonical connection on Od„, and 
let MC be the category of projective systems {(M„, V„)}„ of objects in MC„ such that 
(M„+i, V„+i) (8>z/p"+iz = (M„, Vn) holds. Then we have an equivalence of cate- 

gories ([Ka, 6.2]) of the following form: 

(1.2) 

C,rysiiX/yf-^) = MC, {(^D„, V„ : J^D^ - ^k/yJU 

If we have {D, Md) = {V, M-p) (this is the case when we have {V, M-p) y^{y,My) {Y, My) = 
{X, Mx)), we have the equivalence of categories 

/ coherent sheaves with quasi-nilpotent integrable\ 

fl 3) MC = 

^ ■ ' \ formal log connection on {V , Mp) / {y , My) j ' 

which is given by {(M„, V„)}„ ^ (lim„M„, lim„V„). Note that V„ : JF^„ Tn^ ®Ov^ 
'^Vn/yn iia-turally extends to the complex of the form T^,^ ®Ovn ^v„/yn which is compatible 
with respect to n. We define the log de Rham complex DR(X/y,T) associated to as 
the complex lim„,(.FD„ <8)c)p„ ^Vn/y^y Then, by [Ka, 6.4] (see also [S2, 3.1.4]), we have 
BR{D/y,J^) = Ru^T (where u : (X/3^)^°|f — > X^^^ is the projection). Then we have 
the quasi-isomorphism Rfx/y, crys*^ = -R/*DR-(-D/3^, JF). For an isocrystal S = Q ^ J-' 
on {X/yy^J^y^, we define the log de Rham complex DR{D/y, 8) by DR{D/y, S) := Q ®z 
DR(D/3^, JF). So we have the quasi-isomorphism Rfx/y,cTys*^ = Rf*^R{D/y,S). 

Even if {X, Mx) does not admit the closed immersion (X, Mx) ^ {V, Mp) as above, 
we always have an embedding system ([H-Ka, 2.18]) 

(1.4) {X,Mx) ^ {X^'\M^,.,) ^ (P('),M^(.)). 

For any abehan sheaf JF in (X/:^)^°|f , let us denote the pull-back of JF to (X(*V3^)c?|r 
by JF(*\ Then we have the quasi-isomorphism (called cohomological descent) JF 
Rgi'^J-'''*\ where the morphism of topoi {X^*^ /yy°^'^ — > (X/3^)^°|'g~ is also denoted by 
g^*\ Hence, for a crystal JF on (X/3^)|,°|g, we have 

(1.5) Rfx/y,crys*:F = Rfxi')/y,c.ys*^^'^ = ^(/ « g^%BR{D^'^ / y , .F(-)), 

where {D^'\ Mj)(,)) denotes the p-adically completed log PD envelope of {X^*\ Mx(*)) in 
{V^*\ M-p{,)) . The same formula holds also in the case of isocrystals. 
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We recall another construction which induces the formula like (1.5). Assume given a dia- 
gram (1.1) with / log smooth. Then, by [Ka, 3.14], we have an open covering X = [jj^jXj 
by finite number of affine subschemes and exact closed immersions ij : {Xj,Mxj) '■— 
(Xj, Mx\xj) ^ {T^ji^Vj) {j £ J) into a fine log formal ;B-scheme {Vj,M-p.) formally 
log smooth over {y,My) such that Vj is affine and that {Vj,M-p.) X{y^My) (XtMy) — 
{Xj, Mx\xj) holds. For a non-empty subset L <Z J, let (Xi,Mx^) (resp. (Vl,Mpj^)) 
be the fiber product of (Xj,Mx^)'s (resp. (Pj, Mp^,)'s) for j E L over {X,Mx) (resp. 
{y,My)), and let ix, : {X]^,Mxj^) ^ {Vl,M-p^) be the closed immersion induced by 
's (j e L). For m e N, let (X^"'), M^(^)) (resp. (P^^^^M^m)) be the disjoint 



union of (Xi,Mx^)'s (resp. (7'l,Mp^)'s) for L C J with \L\ = m + 1, and let 
(X^"^\Mxim)) ^ (P^™), Mp(^)) be the disjoint union of i^s with \L\ = m + 1. (Note that 
X(™-) is empty for m > \J\ =: N + 1.) Now let be the category such that the objects 
are the sets [m] := {0, 1, 2, ■ ■ ■ , m} with < m < and that Hom^+ ([m], [m']) is the set 
of strictly increasing maps [m] — > [m']. Then, if we fix a total order on J, we can regard 
(XW,M^(.)) := {iX(-^\Mx,m))}o<m<N (resp. (7'W,M^(.)) := {{V^^\ M^,m))}o<m<N) 
naturally as a diagram of fine log i?-schemes (resp. fine log formal i3-schemes) in- 
dexed by A^f in the following way: To each [m] G A^, we associate the fine log B- 
scheme (A*^™\M^(m)) (resp. fine log formal i3-schemc {V^"^\ Mp(m))). For a morphism 
a : [m'] [m] in A^ and a subset L C. J with \L\ — m + 1, we define the subset 
C L to be the inverse image of Q;([m']) by the unique order- preserving isomorphism 
L ^ [m], where the order on [m] is the canonical one. Then we define the morphism 
a* : (X(-),M;,(^)) (A:(™'),M^(^o) (resp. a* : (p("^), Mp(^)) {V^^'\ M^^^,))) as 
the composite 

(XM, Mxir.^) = II {Xr., Mx,) "'-^'^ II (X^, MxJ = (X^-'), M^(.o) 

LQJ,\L\=m+l LCJ,\L\=m'+l 

(resp. (7^^-), Mp(^)) = II {Vl, MpJ 

LCJ,|L|=m+l 

II (Vl, MpJ = (P(-'), M^(.o) ), 

LCJ,|L|=m'+l 

where 

pr^,ci:(X^,MxJ= n (X,-,Mx,)^ H (X,, M^, ) = (X^^ , M^,, ) 

ieL,(x,Mx) jeLUXMx) 

(resp. pr^, : (P^, M-pJ= H {Vj, M^J ^ II (P,-, M^J = (P^, , M^,, )) 
is the projection associated to the inclusion L'^ C L. Then we have a canonical diagram 

(1.6) {X,Mx) ^ {X^'\Mxi.)) (p('\Mp(.)) 
over {y, My) and by [Bel, V 3.4.8], we have again the formula 

(1.7) Rfx/y,crys*:F = Rfxi')/y,crys*^^'^ = R{f « g^%DR{D^'^ / y , J^W)^ 

where the notations are as in (1.5). The formula (1.7) has the advantage that the right 
hand side has only finitely many terms. 
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Keep the situation of the diagram 1.1 with / log smooth. Then, locally on X, we have 
an exact closed immersion {X, Mx) ^ {V, M-p) into a p-adic fine log formal i3-scheme 
(P,Mp) formally smooth over iy,My) satisfying (P, Mp) x^y^My) (Y, My) = {X,Mx). 
Then we have equivalences of categories (1.2), (1.3). Hence Ccrys((-^/3^)'°^) is an abehan 
category locally on X, because so is the right hand side in (1.3). Since Ccrys((-'^/3^)^°^) 
satisfies the descent property for Zariski covering of X, this implies that CcTys{{X /yy°^) 
is an abelian category globally. 

Now we prove a finiteness property of relative log crystalline cohomology when the 
coefficient is a locally free isocrystal: 

Theorem 1.15. Assume given a diagram (1.1) and assume moreover that f is proper and 
log smooth. Then, for an isocrystal £, the relative log crystalline cohomology R'^ fx/y,cvys*£ 
is an isocoherent sheaf on y for any q & N and it is zero for sufficiently large q. 

Theorem 1.16. With the above notation, assume that £ is a locally free isocrystal and 

assume moreover that either f is integral or Y is regular. Then Rfx/y,ciys*£ is a perfect 
complex of Q(E)zOy -modules, that is, it is quasi-isomorphic to a bounded complex of locally 
free Q 0i Oy-modules {in the sense of Definition 1.9) Zariski locally on y . 

Remark 1.17. When £ has the form Q for a locally free crystal J- of finite type. 
Theorems 1.15 and 1.16 are known by [Be-0, 7.24.3]. 

Proof of Theorem 1.15. To prove the theorem, we may assume that y is affine. Let y' 
be the closed subscheme of y defined by the ideal {x G Oy \p^x — Ofor some n > 0}, 
let {X',Mx') — > {Y',My') ^ {y',My\y) be the base change of the diagram (1.1) 
by the exact closed immersion {y\My\yi) ^ {y,My) and let £' be the pull-back of £ 
to (X'/3^')|.°|g. Then, by using a variant of (1.5) for isocrystals, we can see the quasi- 
isomorphism Rfx/y, crys*£ = 'i*Rfx'/y',crys*£', where i denotes the closed immersion y' ^ 
y. Noting the fact that i* induces the equivalence of categories Coh.{([} iSi Oy) = Coh(Q(8) 
Oy), we see that we may replace y by y' to prove the theorem. So we may assume that 
Oy has no p-torsion. 
Let us take a diagram 

(X,Mx) ^ {X^'\Mxi.)) {V^'\M-p,,)) 
as (1.6) and take a crystal !F of finite presentation on (-^/3^)c°|s satisfying £ — T. 
Then JF induces an object T-p{o) in M(p(°)) = Coh((!?p(o)). Since V^^^ is Noetherian, there 
exists a natural number a satisfying 

{x G JFp(o) I p^x = for some n} = {x G J-'pm \ p°'x = 0}. 

Then let us put JF' := Coker(Ker(p" : T ^ T) ^ JF), where cokernel and kernel are 
taken in the category Ccrys((^/3^)'°^)- Then, by using the equivalences of categories (1.2) 
and (1.3), we have 

^p(o) = .Fp(()) / {x G JFp(o) I p^'x = 0} = .Fp(()) / {x G JFp(o) I p^x = for some n}. 

Since we have Q ® JF = Q JF', we may replace JF by JF', that is, we may assume that 
J--p(Q) has no p-torsion. 

Let us denote the restriction of JF to (X/3^„)^°|^'" by and the restriction of JF„ to 

(X(*)/:^„)^°|f by For m G N, take the open immersion 
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formal B-schemes satisfying Xp(o) X^'^^ = X^'^\ Then J-j^^^ induces the log de 

Rham complex DR{V^''^yyn:^^^)- It is compatible with respect to n and we have the 
quasi- isomorphism 

(1.8) 

which is also compatible with respect to n. (Note however that the above quasi- 
isomorphism is not compatible with respect to m.) 
Now we prove the following claim: 

claim. Let the notation be as above. Then: 

(1) We have the canonical quasi-isomorphism 

{Rfx/yrr,CTys*^n) ®Oy„ ^y-n-l ^ ,crys*^n-l • 

(2) We have the distinguished triangle 

Rfx/Y,crys*^ ^ Rfx/y„,crys*^ Rfx/yn-i,crys*^n-l ■ 

Proof of claim. First we prove (1). The construction of the map is standard and wc omit 
it. To prove that the map is a quasi-isomorphism, we may replace X,J^ by X^'\j^^'^ by 
the first equality in (1.7) and then by X^'^\ J^^"^\ So, by (1.8), we are reduced to showing 
that the map 

(1.9) 

(/o5M),DR(p(0'-)/:i;„,4-))®^^^ Oy^_, (/0 5M),DR(pi°iTV3^n-i,^a) 

is a quasi-isomorphism. Since Oy has no p-torsion, it is flat over Zj,. So Oy^ is flat over 
Z/p"Z and it implies the quasi-isomorphism 

(/o5M),DR(p(0'-)/:i;„,4-))®^^^ Oy^_, = (/o5M),DR(p(0'-)/:i;„,4-))®t/^„^z/p"-iz. 

Next, since ^F-pm has no p-torsion, (/og'^'"^)*^^^^,^) is flat over Z/p^Z. So the each term 
of (/ o t?M)^DR(P^O'™) /y^,, J'n) is flat over Z/p^Z and then we have 

(/ o ^(-)),DR(Pf -)/3^„, ^-)) Z/p--^Z 
= (/ o (?(™)).DR(P(°'™)/Xm -Ff)) Z/p"-^Z 

So the map (1.9) is a quasi-isomorphism and we have proved the assertion (1). 

Next we prove (2). Wc can construct the first two maps easily, by using (1.5). To prove 
the assertion, we may replace X,T by X'^'"^^^"*) as in the proof of (1). Then we are 
reduced to showing the existence of the distinguished triangle of the form 

(/ o <7(™)),DR(pf '™V>^, -^i^™^) ^ (/ ° (?(™))*DR(Pf™V3^n, ^1™^) 

(/o^(™)),DR(p(°:TVx.-i,-^i) ^ . 

We can construct this trangle by applying (/ o c/("'^)*DR(P,(°'"V3^n, ^^""^j^i/pnz to the 



,n-i2 since (/ o g^^)).T% 
So we have proved the assertion (2). □ 



triangle Z/pZ ^ Z/p"Z — > Z/p^-^Z since (/ o g^"''^)^J^^'^lrn) is flat over Z/p"Z. 
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By claim (2) and induction, we see that Rfx/y„,crys*^n is bounded and it has finitely 
generated cohomo logics for any n. (Note that, in the case n = 1, we have Rfx/Y.ays*^ = 
i?/*DR(X/F, jFx). So it is bounded and it has finitely generated cohomologies since 
/ is proper.) By this and claim (1), we see that the family {-R/x/y„,crys*-^n}n forms 
a consistent system in the sense of [Be-0, B.4]. Hence, by [Be-0, B.9], we see that 
Rfx/y, ciys*^ = -Rhmi?/x/j;„,crys*-^n IS bouudcd above (hence bounded) and has finitely 
generated cohomologies. Hence Rfx/y, ays*^ is bounded and has isocoherent cohomologies. 
So we are done. □ 

Proof of Theorem 1.16. First let us consider the case Y is regular. We may assume that 
Y is affine. In this case, Rfx/Y,crys*^ = -R/*DR(-^/^, -^x) is a bounded complex of 
quasi-coherent Oy-modules with coherent cohomologies. So it is quasi-isomorphic to a 
bounded complex of coherent Oy-modules. Now note that, since Y is affine and regular, 
every coherent Oy-module has a resolution of finite length by locally free Oy-module 
of finite rank. So Rfx/Y,crys*^ is quasi-isomorphic to a bounded complex of locally free 
Oy-modules of finite rank, that is, it is a perfect complex of Oy-modules. Prom this fact 
and [Be-0, B.IO], we see that Rfx/y, ays*^ is a perfect complex of O^-modules. So we 
are done. 

Next let us consider the case where / is integral. By Theorem 1.15, we know that 
Rfx/y,crys*£ is bouudcd and it has isocoherent cohomologies. So it is quasi-isomorphic to 
a bounded complex of isocoherent sheaves locally on y. Hence, to prove that Rfx/y,crys*^ 
is a perfect complex of Q ®z Cy-modules, it suffices to prove that Rfx/y,crys*^ is quasi- 
isomorphic to a bounded complex of flat Q Cg>z Oy-raodules. 

Let the notation be as in the proof of Theorem 1.15 and put £^*^ := Q J-'^'\ 
Then, to prove the above assertion, we may replace X,S by XM,£M. Then, since 
we have Rfxirr^)/y,c.ys*^^"'^ - Q (/ o yM),DR(7'(0'-)/:t^, J^M) = (/ o ^(-)).(Q (g)z 
DR(7?(o,-)/:^, jfM)), it suffices to prove that (f o g^^^UQ^z:F!^L) ojjp^o.m) /y) (i e N) 
are ffat Q®z Cy-modules. Now let us note that (V^^''^\ M^^o,m)) — > (y, My) is formally 
log smooth by definition and integral because so is /. So is ffat over y. Since 

Q^z^^lm) ^^^p{o,m)/y {i £ N) are locally free Q®z C-p(o,m) -modules, we can deduce that 
(/ o ^^"'^)*(Q«)z ^p7o.-) ® ^p(o.-)/3;) e N) are flat QOz Oy-modules. So we are done. □ 

Remark 1.18. In the case y — Spf VT, Theorem 1.15 implies the flnite-dimensionality 
of the (absolute) log crystalline cohomology i7*((X/Vr)J,°|g, £). It is already used in [02] 
and [S2, 3.1.5], but we could not flnd a precise reference before. 

Next we prove the base change property. 

Theorem 1.19. Assume we are given a diagram 

{X',Mx') > {Y',My') > {y,My) 

(1.10) 

iX,Mx) — ^ (y,My) iy,My), 

where f is proper log smooth integral, l is the exact closed immersion defined by the 
ideal sheaf pOy and the squares are Cartesian. Then, for a locally free isocrystal £ on 
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{X/yy^^, we have the quasi-isomorphism 

Lip* Rfx/y,crys*^ Rfx'/y',crys*V*^- 

Remark 1.20. When S has the form Q (g) JF for a locally free crystal of finite type 
Theorem 1.19 is essentially known by [Be-0, 7.8] plus limit argument. 

Proof. First, by the same argument as the proof of Theorem 1.15, we may assume that 
y, y are affine and have no p-torsion. Let us take a diagram 

{X,Mx) ^ {X^*\Mxi,)) (P(*\M^(.)) 

as in (1.6) and take a crystal of finite presentation on {X/yy°^^^ satisfying £^ = Q ® JF 
such that J^-p(o) has no p-torsion. (It is possible by the proof of Theorem 1.15.) Let .F^, J^^*^ 
be as in the proof of Theorem 1.15 and denote the map (p ®Zp Z/p^Z : {y'^,Myi^) — > 
iyn.My^) simply by 

The map Lip^Rfx/y, ,crys*^» — ^ Rfx' /yi,crys*^l^» is defined in a standard way (see 
[Be-0, 7.8], [Bel, V 3.5.2]). This map induces the map 

(1.11) Q (g)z {RhmLip:Rfx/y„orys*:F.) Q ®i R\]^Rfx' /y^^lJ".. 

(Note that L(plRfx/y,,crys*^» is quasi-isomorphic to the complex of quasi-coherent Oy^- 
modules. So it admits a lim- acyclic resolution and so we can apply the functor -R lim 
to it.) The right hand side of (1.11) is quasi-isomorphic to to Q ®z Rfx'/y',crys*^*^ — 
Rfx'/y',crys*^*^ by [Be-0, 7.22] and the left hand side is calculated as follows: 

Q (g)z {Rlim LLplRfx/y.,cTys*J^,) 
= Q(g)z {RlimLipliOy, ®^Oy Rfx/y,cry.*:F)) ([Be-0, B.5]) 

= Q0Z (i?lim(e»3;; 0^^, Lip*Rfx/y,cry.*:F)) 

= Q (8)z {Lip*Rfx/y,crys*:F) ([Be-0, B.9]) 

= Lip*Rfx/y ,crys*'-' ■ 

So it suffices to show that the map (1-11) is a quasi-isomorphism. If we denote the cone 
Cone{L(plRfx/y„crys*'^» — > Rfx' /y'„cTys*'fil^») by C„ it suffices to prove the equality 
Q^z R Ihn C, = in derived category. 

Let (X'W,M^,(.)) := (X(-),M^(.)) X(x,m^) (X',MxO, M^,^„) (pW,Mp(.)) 

X{y,My) (y.My) and g'^'^ := x^x,Mx) {X',Mx'). Then we have 

C. = Cone(L(^:i?/x(.)/y.,crys*-^i*^ ' Rfx'(')/y:,crys*Vl^»'^)- 

For meN, let us put := Cone(L^:i?/^,„)/j;„,„y3,^M i?/x'(™)/y:,crys*^:-^i™^)- 
To prove the equality Q(8)zi?limC, = 0, it suffices to prove the equality Q®zi?lim C^™-' = 
for all m e N, because we have C^^^ — for sufficiently large m. Let us take a 
p-adic fine log formal B-scheme (P^^'"*^, Mp(o,m)) as in the proof of Theorem 1.15 and 
put (r(°'"^\M^,(o,^)) := (P(°'"^),Mp(o,^)) 'X{y,My) (y, Myi). To prove the claim, we may 
assume moreover that 7^(°'"^) is affine, Q T-p(o,m) is a free Q (g) Cp(o,m) -module of finite 
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rank and a;p(o,^)^-^ is a free O.p(o,m) -module. Then we have 

- Cone(L^„*(/og(-)),DR(P^'"V3'n,^^') ^ v'n'l/ o ff('")).DR(P^'"V3^n,^I"'')). 

(The second isomorphism follows from affine base change.) 
For a coherent 0-p(o,m) -module M., let us put M.n :— M.® 'Lp'L/p^'L and put 

C(-)(M) := Cone(L(^.*(/ o g^^\M. ^.*if o g^^^),M.). 

Then, to prove the equality Q ®z -RlimC^'") = 0, it suffices to prove the equality 
Q R h^m C^^HM) — for any p-torsion free coherent Op(o,m) -module M. such that 

Q<®z M is locally free (in the sense of Definition 1.9), because DR(p(°''"V3^5 •^^"'•') 
is a bounded complex consisting of such modules and we have DR(P^°'"*)/3^n, •^n'"^) = 

Let us fix a p-torsion free coherent Cp(o,m) -module M. such that Q^z-M. is locally free 
and take a resolution J\f' — )• M. — of Al by finitely generated free Op(o,m) -modules. 
(It is possible since P(0'™) is affine.) Then, since Ai is p-torsion free, the induced diagram 
J\f' — > A4n — gives a resolution of A4„ by finitely generated free O„(o,m) -modules. 
So 

(/ O 9^"%K if ° ^^'"^)*-Mn 

is exact and each {f og'''^^)*N^ is a fiat -module. Applying and noting the equahty 
'^nif ° 9^"^^)* — if ° 9'^^^)*Vn*^ obtain the diagram 

(/ o g'^-^^^'^Af: if o g'^-'^W^Mn 

and the cone of it is a representative of C^^Ad), which is compatible with respect to n. 
So we have 

=Q ®^ i?limCone((/ o g'^'^^W:^: (/ o g'^'''^),^':M.) 

=Q ®z lim„Cone((/ o g'^"'^).v'^*K (/ o g''^'^\^',*Mn) 

=Q ®z (/ o 5'('"^),Cone((^'W if'*M) 

=(/o/'"^)*Cone((^'*(Q«)zA^*) ^¥''*(Q®zM)) =0. 

(The second equahty comes from the quasi-coherence and the surjectivity of the transition 
maps for each term and the final equality comes from the local freeness of Q <S>2, A4-) So 
we have proved the equality Q (8)z R hm Ci"^^A4) = and so we are done. □ 

In the rest of this section, we introduce the relative version of HPD-(iso)stratification 
([02], [SI, 4.3]) and prove a relation with (iso)crystals. 

First we define the notion of HPD-(iso) stratification (cf. [SI, 4.3.1]): 

Definition 1.21. Let {X, Mx) {Y, My) ^ {y, My) be as in (1.1) and let (X, Mx) ^ 
{V, M-p) be a closed immersion into a p-adic fine log formal B-scheme over [y, My). Let 
D{i) {i = 0, 1,2) be the p-adically completed log PD-envelope of (X, Mx) m the {i + 1)- 
fold fiber product of {V, Mp) over {y, My). Then we have the projections pi : -D(l) — > 
D{0) {i = 1,2), pij : D{2) — > D{1) {1 < i < j < S) and the diagonal map A : D{0) — > 
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D{1). Then we define an HPD-strafinication {resp. HPD-isostratification) on an object 
E in M(D(0)) {resp. M(iI)(0))Q) as an isomorphism e : p\E satisfying A(e) = 

id and p*2(^) ° P23(^) ~ Pizi^)- denote the category of objects in M(Z}(0)) {resp. 

M(D(0))q) endowed with hp D- stratification {resp. HPD-isostratification) 6^/HPD((X"^ 
Vly)^°^) {resp. HPDI((X-^P/3^)i°s)). 

Let the notations be as above and assume that {V, M-p) is formally log smooth over 
{y, My). Then we have the canonical equivalence of categories ([Ka, §6]) 

c,rys{{x/y)'°^) HPD((x ^ v/yy-^) 

and it naturally induces the fully-faithful functor 

A : Icrys{{X/yf''^) HPDI((X v/yf''^). 
As in the absolute case ([SI, 4.3.2]), we have the following: 

Proposition 1.22. // {V, M-p) is formally log smooth over {y, My) and {V, M-p) X[y^My) 
(y. My) = {X, Mx) holds, A is an equivalence of categories. 

The proposition follows from the following lemma (cf. [SI, 4.3.3]): 

Lemma 1.23. With the above notation, let {U,Mu) ^ {V,Mp) be a strict open im- 
mersion iU may be empty) and put {U,Mu) :— {X,Mx) X{v,M-p) {i^jMu). Let {E,e) be 
an object m HPDI((X P/y)'°s), let (L',e') be an object in HPD((C/ ^ U/yy°^)) 
such that L' G M(W) = Co]i{Ou) has no p-torsion, and assume given an isomorphism 
a : {E,e)\u (Q ® L', id ® e') in HPDI((f/ ^ U/yy°^). Then there exists an object 
{L",e") m HPD((X ^ V/yf"^) with the isomorphism (Q ® L",id ® e") ^ (E, e) such 
that L" e M(P) = Coh(Cp) has no p-torsion and that a is induced by an isomorphism 
{L", e")\u {L', e) in HPD((C/ ^ U/y)"^^). 

Proof. The proof is similar to that of [SI, 4.3.3]. First note the equivalence of categories 
M{Z) = Coh{Oz), M(Z)q = Coh(Q (g) Oz) for Z^V,U- In this proof, we regard L', E 
as an object of Coh(0iY); Coh(Q Op), respectively. Take a coherent sheaf L without 
p-torsion on V such that Q ^ L = E holds. By the argument in [SI, p. 602 lines 16-23], 
we may assume that L\i( = L' holds via a. 

Assume for the moment that V is affine and put V — Spf ^4. If we define -D(l) as in 
Definition 1.21, then D{1) is affine over V and so it is also affine. Put -D(l) := Spf -B(l). 
Then it is known that B{1) is flat over A ([Ka]). Denote r{V, E),r{V, L) by Ea,La. 
Then e naturally induces the isomorphism 

eA:B{l) ®aEa^Ea®aB{1). 

(Note that, since B{1) is flat over A and Ea is isocoherent, B{1) ®a Ea is isomorphic to 
B{1)0aEa and so on. See for example [Ga-Ra, 7.1.6].) Let 6a '■ Ea — Ea ®a B{1) be 
the map defined by 9a{x) := e(l x) and let us define L'a by L'a := 6~^{La ®a B{1)). 
Then L'a is an A-module and by the argument in [SI, p. 602 fine 31 -p. 604 fine 16], we 
have the following: 

(1) L'a is a coherent sub A-module of La satisfying Q (8) = Ea- 

(2) eA{B{l) ®A L'X) Q L'X B{1) holds. 
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Now we prove that e induces the isomorphism : B{1) (g)^ L'^ L\ ®a -S(l). (It 
is implicitely used in [SI] and [02], but the proof was omitted there.) To see this, it 
suffices to prove that C := Coker(e^) is zero. Since we have -B(l) (8>a L'^ = B{1)^aL'^ 
and L'^ ®a B{1) = L^®^i?(l), it suffices to prove C /p^C = for any n. Note that 
^<8)a*,b(i) by definition, the identity map L"^ — > L'^. So we have ^(8)a*,s(i) C — 0, 
hence U/p"^) ®a*,b(i)/p"B(i) (C/p"C) = 0. Since Ker(A* : — > A/p^A) is a 
nil-ideal and C /p^C is finitely generated, it implies C /p'^''C = 0. So is an isomorphism. 
The pair (L^,e^) naturally induces an object in HPD((X ^ V/yy°^) (denoted also by 
{L% e':,)) satisfying Q ® {L% e^^) = {E, e). 

Now let us remove the condition that V is affine. For an affine open sub formal scheme 
Spf A of V, we can define (L^, e^) by the method of the previous paragraph. Now let 
Spf A' C Spf A (IV he open immersions. Then we have 

= Ker{EA> -E^/ ®a' (-8(1)®^^') ► (-E^/ /L^, ) 0^/ (B(1)§)aA')) 

= Kcr{EAi »a' (-B(1)8)a-4 ) ► {Ea'/La') ®a' (-8(1) ®A A')) {E a' I L a> is p-torsion) 

= Kor(£;A ®A A' "-^^H"* Ea ®a 8a A' > (Ea/La) ®a 5(1) ®A A') 

= Ker(BA Ea ®a 5(1) — > {Ea/La) ®a B(1)) i»a A' 
= 0A^iLA ^a B{1)) 0a a' = L'^ igiA A'. 

So the construction of (L^, e^) in the previous paragraph is compatible with respect to 
the open immersion Spf A' ^ Spf A. Moreover, if we have Spf A CU, we have 

LA^e~\LA ®aB{1)) = L"a, 

since L\i( = U is stable under e. So we have La = L'^ in this case. Therefore, we can 
glue (L^, e^)'s to define globally an object (L", e") in HPD((X ^ V/yY"^) which satisfies 
Q ® (L", e") = {E, e) and (L", e")|w = (L', e') via a. So we are done. □ 

By the same argument as in [02, 0.7.5] and [SI, 4.3.4], we have the following (we omit 
the proof): 

Proposition 1.24. Let {X,Mx) {Y,My) ^ {y,My) be as in (1.1) with f log 
smooth. Then the descent for finite Zariski open coverings holds for the category /crys((-^/ 

2. Relative log convergent cohomology (I) 

In this section, first we give the definition and some basic properties of relative log 
convergent site. Then we give a proof of the relative version of log convergent Poincare 
lemma. After that, we give a proof of the comparison theorem between relative log 
convergent cohomology and relative log crystalline cohomology. Some of the results in 
this section are studied also in [N-S]. The proofs arc basically the same as the absolute 
case (given in [S2]), but we would like to point out that some of the proofs arc slightly 
generalized or slightly simplified than those given in [S2]. Also, we correct some errors in 
[S2]. 

First we give a definition of pre-widenings, widenings and enlargements, following the 
absolute case ([S2, 2.1.1, 2.1.8, 2.1.9, 2.1.11]): 
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Definition 2.1. Let f : {X,Mx) — ^ {y^My) be a morphism in (pLFS/B). Define 
the category of quadruples on [X , Mx) / {y , My) as follows: The objects are 

the data {{Z, Mz), {Z, Mz),i, z), where {Z,Mz) is an object in (LFS/i3) over {y,My), 
{Z, Mz) is an object in (LS/B) over {y, My), i is a closed immersion {Z, Mz) ^ {Z, Mz) 
over (y, My) and z is a morphism (Z, Mz) — > (X, Mx) in (LFS/B) over [y, My). We 
define a morphism of quadruples on {X, Mx)/{y, My) in an obvious way. {See [S2, 2.1.8].) 

Definition 2.2. Let f : {X, Mx) — > (3^, My) be as above. 

(1) A quadruple {{Z, Mz), {Z, Mz),i, z) on {X , Mx) / {y , My) is called a pre-widening 
on {X,Mx)/{y,My) if{Z,Mz) is m [phY^/B). 

(2) A quadruple {{Z, Mz), {Z, Mz),i, z) on {X , Mx) / {y , My) is called a widening on 
{X, Mx)/{y, My) ifi is a homeomorphic exact closed immersion. {That is, Z is a scheme 
of definition of Z via i.) 

(3) A {pre) -widening {{Z, Mz), {Z, Mz),i, z) on {X , Mx) / {y , My) is said to be exact if 
i is exact. It is said to be affine if Z, z and the structure morphism Z — > y are affine. 

(4) A quadruple {{Z, Mz), {Z, Mz),i, z) on {X , Mx)/ {y. My) is called an enlargement 
if it is both pre-widening and widening, it is exact and Z is flat over SpiW . 

Remcirk 2.3. In [S2, 2.1.11], we should have added the condition that T is flat over 
Spfy. 

We often denote a pre-widening, a widening or an enlargement {{Z, Mz), {Z, Mz),i, z) 
simply by {{Z, Mz), {Z, Mz)) or Z. For a pre-widening Z := {{Z, Mz), {Z, Mz),i, z), we 
define the associated widening by the quadruple {{Z, Mz\z), {Z, Mz),i, z), where Z is the 
completion of Z along Z and i is the closed immersion {Z, Mz) {Z, Mz\z) induced by 
i. 

We define relative log convergent site and isocrystals on it as follows: 

Definition 2.4. Letr be one of the words {Zar(= Zariski), et(= etale)}. For a morphism 
{X,Mx) — {y,My) in (pLFS/H), we define the log convergent site {X /y)^^^^^^ of 
{X , Mx) / {y , My) with respect to r-topology as follows: The objects are the enlargements 
Z on {X , Mx) / {y , My) and the morphisms are the morphism of enlargements. A family 
of morphisms 

{{{Zx, Mz,), {Z^, Mz,),ix, zx) {{Z, Mz), {Z, Mz),i, z)}xeK 

is a covering if the m,orphisms {Zx, Mz,) {Z,Mz) are strict, form a covering of Z 
with respect to T-topology and {Zx,Mz,) is canonically isomorphic to {Zx,Mz,) X(z,Mz),i 
{Z,Mz). When the log structures are trivial, we omit the superscript in ('^/D^)conv,T- 
We denote the right derived functor {resp. the q-th right derived functor) of the functor 

ix/yy^:,r yz.r; s^{u^ mx xy u/u)[z^^^,s)) 

by Rfx/y,conY*^ {resp. R'^fx/y,conY*^)- We call R^fx/y^onv*^ the q-th relative log con- 
vergent cohomology of {X,Mx)/{y,My) with coefficient S. We denote the sheaf on 
i^/yy^y,r defined byZ^V{Z,Oz) {resp. Q®zT{Z,Oz)) by Ox/y {resp. Kx/y). 

Definition 2.5. Let the notations be as above. An isocrystal on the log convergent site 
{X /yy^^^^^ is a sheaf E on ('^/3^)conv,r satisfying the following conditions: 

(1) For any enlargement Z, the sheaf Sz on Z induced by £ is an isocoherent sheaf. 
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(2) For any morphism f : Z' — > Z of enlargements, the homomorphism f*£z — ^z' 

of sheaves on Z' induced by £ is an isomorphism. 

We denote the category of isocrystals on ('V/D^)coiv,T -^conv,r(('^/^)'°^)- When the log 

structures are trivial, we omit the superscript 

Definition 2.6. Let the notations be as above. Then an isocrystal 8 is said to be locally 
free if, for any enlargement Z, the sheaf Sz on Z induced by S is a locally free Q ®z Oz- 
module in the sense of Definition 1.9. 

For a morphism {X,Mx) — ^ {y,My) and a (pre-) widening Z on {X , Mx) / {y , My), 
we can define the notion of locahzed log convergent site ('^/3^)conv tU category 
of isocrystals Iconv,T{{X /y)'^°^\z) on it in the same way as [S2, 2.1.17, 2.1.19]. 

Note that, for a simplicial object {X'^'\ Mx(»)) in (pLFS/,B) and a morphism {X'^*\ 
Mx(.)) — > iy,My) in (pLFS/B), we can define the log convergent topos (A'('V3^)l;o!^~r 
of {X^'\ Mx(»))/{y, My) (cf. [S2, p. 46-47]). We can prove the following proposition in 
the same way as [S2, 2.1.20] (we omit the proof): 

Proposition 2.7. Let {X,Mx) — > {y,My) he a morphism in (pLFS/i3) and let r he 
one of the words {Zar(= Zariski), et(= etale)}. Let : {X^*\Mx(.)) — > iX,Mx) 
he a strict T-hypercovering. Let 9 := {9,,9-^) : (A'W/3^)|°„f^~^ — > ('^/3^)ioi';:r be the 
morphism of topoi characterized by 9~^(E)'^'^^ := g'^''-^'^^{E). Then, for any abelian sheaf E 
on ('^/3^)c^nv.TJ ^^f^ canonical homomorphism E — > R9^9~^E is a quasi-isomorphism. 

Remark 2.8. The description of 9~^ in [S2, 2.1.20] was wrong. The correct one is given 
above. 

The equivalence of the category of isocrystals on (^/3^)conv,et that on ('^/y)conv,Zar 
holds also in relative case ([S2, 2.1.21], we omit the proof): 

Proposition 2.9. Let {X,Mx) — > {y,My) be as above and let Z be a (pre-) widening 
of {X, Mx)/{y, My). Let us denote the canonical morphism of topoi 

(^/y)Xt i'^/yy:^:,z^ (resp. {x/yy:^-^ {x/yf:^-^jz ) 

by e. Then: 

(1) for any £ e honyAi^ /yY"^) i^esp. £ G hon^Ai^ /yY^^U)), we have Re,£ = 

(2) The functor £ i— > e^£ induces the equivalence of categories 

(resp. honvAi^/yy°^\z) ^ Icon.Mi^/yy"^\z) )■ 

In the rest of this paper, we denote the category Icom et{{X /yy"'^) = Iconv Za.r{{X /y 
)i°s) (resp. IconyAi^/yy°^\z) = IconyMi^/yy°^\z)) simpty by IcoAiX/yy°^) (resp. 
IconA{^/yy''^\z)) and call it an isocrystal on (X/y)'^^^ (resp. (X/yy^Jz), by abuse 
of terminology. 

Next we introduce the notion of the exactification of a closed immersion of fine log 
formal S-schemes. (This is essentially introduced in [C-F, 0.9] as log formal tube. We 
will not use this terminology because we would like to use the word 'tube' for the rigid 
analytic one.) 
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Proposition-Definition 2.10. Let C be the category of homeomorphic exact closed im- 
mersions i : {Z, Mz) ^ (2, Mz) in (LFS/,B) and let T> be the category of closed immer- 
sions in (LFS/i3). Then the canonical inclusion functor C — > T> has a right adjoint of 
the form {{Z,Mz) ^ {2,Mz)) ^ {{Z,Mz) ^ M^ox)). We call this functor the 
exactification. 

Proof. Let i : {Z,Mz) ^ {Z,Mz) be a closed immersion in (LFS/i3) and we prove 
the existence of {Z,Mz) ^ {Z^^, Mz"^). To prove it, we may replace Z by the formal 
completion of Z along Z. Moreover, since it suffices to prove the claim etale locally (by 
ctalc descent), we may assume that i admits a chart (P^ — > Mz, Qz ~^ Mz, P Q) such 
that is surjective. If we put P' := a^P'-\Q),Z' := Z x spi z^pySpi Zp{P'}, Mz' := log 
structure associated to P^' ~^ ^z', we obtain a factorization 

(Z, Mz) ^ {Z', Mz') ^ {Z, Mz) 

such that i' is an exact closed immersion and / is formally log etale. (Here we define the 
formal log etaleness of a morphism in (LFS/i3) by infinitesimal lifting property.) If we 
define Z^^ to be the completion of Z' along Z and M^ex to be the pull-back of Mz' to 
Z^^, we have the diagram 

{Z,Mz) ^ {Z-'',Mz^^) ^ {Z,Mz) 

such that i^^ is a homeomorphic exact closed immersion and that g is formally log etale. 
We can check that i i— > i^^ is indeed the desired functor by this diagram. □ 

Corollary 2.11. Let i : {Z,Mz) ^ {Z,Mz) be a closed immersion in (LFS/i3) and let 
{Z, Mz) ^ {Z^^, Mze^) he its exactification. Then the canonical morphism {Z^^, Mz^^) 
— > {Z, Mz) defined by adjointness is formally log etale and affine. 

For a (pre-) widening Z = {{Z,Mz), {Z,Mz),i,z), the quadruple := ((Z^^,M2ex), 
(Z, Mz),i'^^, z) is a widening. It is called the exactification of Z. Note that the widening 
obtained as the exactification of a pre-widening is equal to the exactification of the widen- 
ing associated to the given pre-widening. The notion of the exactification was defined only 
under the existence of a chart in [S2] and this forced us to do complicated arguments at 
several parts of the paper [S2]. With this general definition of the exactification, we can 
slightly generalize some notions and simplify some arguments in [S2]. For example, we 
can define the notion of the system of universal enlargements of (not necessarily exact) 
(pre-)widenings as follows: 

Definition 2.12. Let Z := {{Z,Mz),{Z,Mz),i,z) be a {pre-) widening. Let {{Z'''' , M z<^^) , 
{Z,Mz),i^^,z) be the exactification of Z and letX be the ideal Ker^Oz'^^ — Oz). For 
n & N, let Bn{Z) he the formal blow-up of Z^^ with respect to the ideal pOz^^ let 
T^{Z) be the open sub formal scheme 

{x e B^{Z) I (pO^ex + X") • OB^izu = PC»B„(2), J 

and let Tn{Z) be the closed suhscheme of T^{Z) defined by the ideal {x e ^ti^{z) \ 3n, 
p^x = 0}. Let A„ : Tn{Z) — > Z be the canonical morphism and let Z^ :— X~^{Z). Then 
the quadruple 

Tn{Z) := ((T„(^),M2e.|r„(2)),(Z„,Mz|zJ,Z„ -^T„(^),(Z„,Mz) ^ {Z,Mz) ^ {X,M)) 
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is an enlargement for each n and the family {Tn{Z)}neN forms an inductive system of 
enlargements. The morphisms A„ 's define the morphisms of {pre-)widenings Tn{Z) — > 
Z (n e N) which is compatible with transition morphisms. We call this inductive system 
the system of universal enlargements of Z. 

We can see that the analogues of [S2, 2.1.23-27] are true also in relative situation. That 
is, we have the following (we omit the proof): 

Lemma 2.13. Let Z be a widening and let Z' be an enlargement. Then a morphism 
Z' — > Z as quadruples factors through Tn{Z) for some n. Moreover, such a factorization 
is unique as a morphism to the inductive system {Tn{Z)}neN- 

Lemma 2.14. With the above notation, the morphism of sheaves hx^i^z) — hz is injec- 
tive. {Here h? denotes the sheaf on relative log convergent site associated to ?.) 

Lemma 2.15. Let Z be a pre-widening and let Z be the associated widening. Then we 
have the canonical isomorphism of enlargements Tn{Z) Tn{Z). 

Lemma 2.16. Let 

g : {{Z', Mz'), {Z', Mz'),i\ z') ((Z, M^), (Z, M^), z) 

be a morphism, of {pre-)widenings and assume that {Z\ Mz') X{z,Mz) ^z) = {Z' , Mz') 
holds naturally and that Z' — > Z is fiat. Then g induces the natural isomorphism of 
enlargements 

Tr,{Z')^Tr.{Z)XzZ'. 

Lemma 2.17. Let 

g:Z:^ {{Z, Mz), {Z, Mz),i, z) Z' := {{Z, Mz), {Z', Mz:),i', z') 

be a morphism of {pre-) widening s such that g is identity on Z and {Z, Mz) — > {Z', Mz>) 
is an exact closed immersion. Assume that there exists an ideal J ofOz andm G N such 
that J™-+i C nOz and Iz Q Iz' + J holds, where Iz,Iz' ore the defining ideals of Z , Z' 
in Z, respectively. Denote the morphism of enlargements Tn{Z) — > Tn{Z') induced by g 
by gn- Then: 

(1) There exists a homomorphism of formal schemes hn Tn{Z') — > Tm+n{Z) such 
that the composites 

Ti / -^-ZN h„ rp I -jrX 9m+n rp ( -jrlx rp I ■jr\ 9n rp ( ■jrl\ hn rp I -jrX 

n\-^ ) J-m+ny-^) ^ J-m+ny-^ ), J-ny-^) ^ -l-ny-^ ) ^ J-m+ny-^) 

coincide with the canonical transition morphisms. 

(2) For an isocrystal E, we have the natural isomorphism h^ST„^+„{z) ^Tn{z') 
such that the composites 

(Z) (^Tr,{Z'), 

9n ° h,^<^Tm+n{Z) ^ 9n^T„{Z') > ^T„{Z), 

coincide with the isomorphisms induced by the canonical morphism of enlargements 
Tn{Z') — >Tjn+n{Z') and Tn{Z) — >Tra+n{Z), respectively. 
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Remcirk 2.18. In [S2, 2.1.25, 2.1.26], we forgot to assume that T is exact. However, 
now we do not need the exactness hypothesis (as written in Lemmas 2.15, 2.16), because 
now we can define the system of universal enlargements for (pre-)widenings which are not 
necessarily exact. 

As another application of the exactification of a closed immersion of fine log formal 
B-schemes, we define the notion of tubular neighborhood of fine log formal B-schemes 
as follows (In [S2, 2.2.4], it was defined under certain assumption, but we can define it 
without any assumption here): 

Definition 2.19. For a closed immersion {Z,Mz) ^ {Z,Mz) of fine log formal B- 

schemes, we define the tubular neighborhood ]Z\^^^ of {Z,Mz) in {Z,Mz) as the rigid 
analytic space Z]^. We define the specialization map 

sp :]Z^2^ — > Z{:— {the completion of Z along Z) ~ Z) 

by the composite ]Z ^2^= Zf^ Z""^ — > Z , where the first map is the usual specialization 
map and the second map is the one induced by the canonical morphism Z^^ — > Z. 

Remark 2.20. jZf^^ and {T„(Z)}„ are related by ]Z^z^^ \X^^Tn{Z)K. 

Next, we recall the relation between the category of isocrystals and certain categories of 
stratifications and give the definition of the log de Rham complex on tubular neighborhood 
associated to an isocrystal. Let us consider the situation 

{X,Mx) (V,M-p) 
(2.1) /| 

{y,My) = {y,My), 

where {X,Mx) is an object in (LS/i3), / is a morphism in (pLFS/i3), i is a closed 
immersion in (pLFS/B) and g is a, formally log smooth morphism in (pLFS/B). For 
neN, let {V{n), M-p^n)) be the (n+ l)-fold fiber product of (V, Mv) over (3^, My). Then, 
we have a closed immersion i{n) : {X, Mx) ^ {V{n), M-p(^n)) and the quadruple V{n) : = 
((P(n),Mp(„)), (X,Mx),i(n),id) is a pre-widening of {X, Mx)/ {y, My). So we have a 
system of universal enlargements {Tm{V{n))}m- Moreover, we have the 'projections' 

Pi,m '■ {V{l))^T^iV) {z = l,2), 

Pij,m ■ Tjji iV{2)) Tx,m(rii)) (1 < i < i < 3) 

and the 'diagonal morphism' : Tm{V) — '>■ Tm{V{l)), which are morphisms of en- 
largements and compatible with respect to m. Let Str'((X ^ V/yy°^) be the category 
of compatible family of isocoherent sheaves on Tm{V) {m e N) endowed with compat- 
ible isomorphisms : P2,m-^ — ^ Pi,mE satisfying A*^{em) = id, p*i2,mi^m) ° P23,mi^m) = 

Pl3,mi^rn)- 

On the other hand, from the closed immersion i{n), we can form the tubular neighbou- 
hood ]-'^[^^„) and we have the projections 

(^ = 1,2), p,r-]Xt;U^]Xt;f,^ (1<^<J<3) 

and the diagonal morphism A : ]X[p*^ — >]X[p^^j. Let Str"((X ^ V/y)^°^) be the category 
of pairs {E, e) , where £^ is a coherent Cj^jiog -module and e is an Cj^^iog -linear isomorphism 
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p^E pIE satisfying A*(e) = id, Pi2(e) ° P23{^) — Piai^)- Then we have the following 
proposition as in the absolute case ([S2, 2.2.7]): 

Proposition 2.21. With the above notation, we have the functorial equivalence of cate- 
gories 

/conv((^/3^)'°^) - str'((x ^ v/yf''^) ~ str"((x ^ v/yY''^). 

Let S be an isocrystal on [X , Mx) / {y , My) and let (E. e) be the associated object in 
Str"((X P/3^)'°^). If we denote the first log infinitesimal neighborhood of {V,M-p) 
into (P(l),Mp(i)) by (P^,Mpi), e induces the Cj^^iog -linear isomorphism 

ei : 0,^(^0, E^E ®o^^^,^, O^^^o, 

and it induces the log connection 

by V(e) := ei(l (g) e) - e (g) 1. (Here uj^^^^^^y^^ := ^Vj^/y^^ and o^p^/y^ is the coherent 

C^D^-module associated to Q (8)z <^p/y G Coh(Q (g) Then we have the following 

lemma. 

Lemma 2.22. The log connection V above is integrable. 

Note that the proof of this lemma is harder than the analogous one in the previous 
paper ([S2, 2.2.8]) due to the lack of the 'of Zarisiki type' hypothesis. 

Proof. When there exists a chart of the log formal scheme {V.M-p), we can prove the 
lemma in the same way as [S2, 1.2.7, 2.2.8]. So it suffices to prove that we may work etale 
locally on V. 

Let {{Em, €m)}m be the object in Str'((X ^ V/yy°^) associated to let (T^(P)"', M 
Tm{V)'^') be the n-th log infinitesimal neighborhood of (Tm('P), M^^cp)) in {Tjn{V), Mr^(p)) 
X(y,My) (T^(P),Mt„(p)) and let {T^VT , Mt^^j,)-) ^ (T„(P)"', Mr^(p)„0 be the exact 
closed immersion defined by the ideal {x e 0t^(p)« | 3n,p"x = 0}. Then the canonical 
morphism 

(T„(P)",MT„(p)n) — . (T„(P),Mt„(p)) x^y^My) (T„(P),Mt„(p)) (P(l),Mp(i)) 

factors through {Tm+i{V{l)), Mt^^iCp{i))) for some / G N by the universality of exactifica- 
tion and blow-up. So, by puUing-back e^+z to TmiV)"', we obtain the isomorphism 

and e'm^i induces the connection 

: Em Em ®Ot^(j,) ^Tm{V)/y 

Then it is easy to see that the compatible family {{Em,'^m)} induces (-B, V) via the 
equivalence 

/ compatible family of \ 



isocoherent sheaves on 

\{TmiV)}m ) 



/ coherent \ 
y Cj^jiog-module J 
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So it suffices to prove the intcgrability of {E^, V^) to prove the lemma, and we may work 
etale locally on V to check it. So we are done. □ 

Thanks to the above lemma, we can define the log de Rham complex 
on associated to the isocrystal S in standard way. 

Remark 2.23. We can give the analogue of the categories Str'((X ^ V/yf"^), Str"((X 
^ V/yy°^) and the log de Rham complex DR{]X[-^^/yK, S) in a slightly more generalized 
situation. Assume given a commutative diagram 

{X,Mx) {V,M^) 
f 

{y,My) = {y,My), 

where {X,Mx) is an object in (LS/,B), / is a morphism in (pLFS/i3), i is a closed im- 
mersion in (LFS/S) and 51 is a morphism in (LFS/B) satisfying the following condition (*): 

(*) Zariski locally on ^, there exists a diagram 

{X,Mx) ^-^ (^,M<p) ^ ($,M^) 

f 9 g' 

{y,My) = {y,My) = {y,My), 

where g' is a formally log smooth morphism in (pLFS/i3), i' is a morphism in (LFS/i3) such 
that i'oi is again a closed immersion and that i' induces the isomorphism (^'^^, Mtpox) 
(^^ex^ M^^), where denotes the exactification of the closed immersion from (X, Mx)- 

For n eN, let (^(n), Mrp^n)) be the {n + l)-fold fiber product of Mqj) over {y, My) 
and let i{n) : {X,Mx) ^ (*p(n), M(p(„)) be the closed immersion induced by i. Then, 
if we denote the exactification of i{n) by (^(n)'^'', M(p(„)ex), ((*p(n)'^'', M*p(„)ex), (X, Mx)) 
forms a widening of (X, Mx)l{y, My). 

Using Tm{^{n)^'') instead of T^(P(n)), we can define the category Str'((X ^ ^/3^)^°s), 
and using ]X[|^^^^= *P(n)^ instead of ]X[p^^^, we can define the category Str"((X ^ 
^/yy°^). Then the analogue of Proposition 2.21 is true also in this situation. (We may 
work Zariski locally on ^ and then we can reduce to Proposition 2.21 by the condition 
(*).) Moreover, for an isocrystal £ on (X/3^)[.°^y, we can define the log de Rham complex 
DR(]Xg^/J^x, £) on ]Xg^= in the same way as above. 

Next we give a sketch of the proof of log convergent Poincare lemma in relative situation. 
Let (X, Mx) be an object in (LS/B), (X, Mx) — > {y, My) be a morphism in (pLFS/B) 
and let Z := ((Z, M^), {Z, Mz),i, z) be a widening on (X, Mx)/(y, My). Then we have 
morphisms of topoi 

U : (X/37)^°^^23j. > Xzar, jz ■ (-'^/3^)conC^ZaxU ^ (^/3^)conC^Zar 
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and a morphism of ringed topoi 

as in the absolute case [S2, pp. 90-91]. On the other hand, we can define the direct hmit 
site Z as follows, as in [S2, 2.1.28] (note that we do not need the exactness of Z, because 
now we have the notion of system of universal enlargements in general) : 

— * 

Definition 2.24. Let Z be as above. Then we define the direct limit site Z as follows: 

Objects are the open sets of some Tn{Z). For open sets U C T„(Z) and V C T„i{Z), 
Hom^(f/, V) is empty unless n < m and in the case n < m, Hom^(f/, V) is defined 
to be the set of morphisms f : U — > V which commutes with the transition morphism 
Tn{Z) — ^ Tm{Z). The coverings are defined by Zarisi topology for each object. 

We define the structure sheaf by Og{U) :— r(f/, Ou)- A sheaf ofQ^z O ^-modules 
E is called crystalline, if, for any transition map ip : Tn{Z) — > Tm{Z), the induced map 
of sheaves 

is an isomorphism, where En, Em denote the sheaves on Tn{Z), Tm{Z) induced by E. 

We define the morphism of topoi 7 : Z"^ — > order that 7* is the pull-back 

functor and that 7* is the functor of taking inverse limit of the direct images. Then we 
have the following lemma, as [S2, 2.1.31] and [02, 0.3.7]. (The proof is the same. Note 
that we use the affinity of Tn{Z^ — Z in the proof, which is true by Corollary 2.11 and 
Definition 2.12.) 

Lemma 2.25. Let Z be an affine widening and let E be a crystalline sheaf ofQ <S>i, O^- 
modules. Then we have H'^{Z., E) — for q > 0. 

We can define the functor 

as in [S2, p. 91]. Then we have the equality (\)z,* = l*°4'z* ^^'^ following commutative 
diagram: 



(^/^)ion^Zar 



7* 



^ z 



Zar 



^Zar- 



By the same argument as in the absolute case, we have the following ([S2, 2.3.1, 2.3.2], 
[02, 0.4.1, 0.4.2]): 

Lemma 2.26. Let the notations be as above and assume that Z is an affine widening. 
Then: 

(1) The functor (pg ^ sends an injective sheaf to a flasque sheaf and exact. 



(2) For an isocrystal S on {X/yt^^^^^Jz, we have H''{{X /y)':i,^^Jz,8) = m{Z, 



log 



£) for all q > and these groups vanish for q > 0. 
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Proof. We omit the proof of (1), since the proof is the same as that of [02, 0.4.1, 0.4.2]. 
(2) is the immediate consequence of (1) and Lemma 2.25. □ 

By using these lemmas, we can deduce the following, as [S2, 2.3.3, 2.3.4]: 

Proposition 2.27. Let the notations be as above and let Z be an affine widening. Then, 
for an isocrystal S in {X/Vy°^^!^2a.r\2> have R9{u o jz)*S — and R^jz,*^ — for 
q>0. 

Proof. We may assume X is affine. R'^{u o jz)*^ is the sheaf associated to the presheaf 

and it vanishes for g > by Lemma 2.26. 

To prove the vanishing R^jz,*^ = (g > 0), it suffices to show that the sheaf {R'^jz,*^)z' 
on ^gar induced by Rjz,*^ vanishes for any affine enlargement Z' and q > 0. Let Z x Z' 
be the direct product as widening (which is again affine), and consider the following 
diagram: 

Pr jz I z' I 
Z'za.T ^=^= -Z'zar <— (''^/3^)coni^ZarU' * / yYconZza-r ■ 

We can prove that the functors j^/, {jz'\z)* sends injectives and injectives (which can be 
shown as in [02]), and the functors {jz'\z)*-i <l>z',*, 4>i^z'xZY^ *' ^z' exact. So we have 

{Rjz,*S)z' = (f>z',*jz'R''jz,*S 

= (l)z',*R(jz\z')*(jz'\z)*£ 

= i?*(pr o 7)*(/)(^,^-2)ex,,(jz'U)*«^ 

and the last term is equal to zero for g > by Lemma 2.26. (Note that, for any affine 
open U' C Z' (which we can regard naturally as an enlargement), x 2^ is an affine 
widening.) So we have the vanishing Rjz,*^ = for g > 0. □ 

Corollary 2.28. Let Z be an affine widening and S be an isocrystal on ('V/3^)conrzarl2- 
Then jz,*^ is u^-acyclic. 

Proof 

Ru*{jz,*S) = Riu o jz)*£ = u^jz,*£- 
by Proposition 2.27. □ 

Now let us consider the situation 

{X,Mx) {V,M-p) 

(2.2) / 

{y,My) = {y,My), 

where {X,Mx) is an object in (LS/;B), / is a morphism in (pLFS/B), z is a closed 
immersion in (pLFS/B) and is a formally log smooth morphism in (pLFS/B). Then V :— 
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{{V, M-p), {X, Mx),i, z) is a pre-widening of {X, Mx)/{y, My). Denote the associated 
widening of 7^ by P and, for an isocrystal S on (-'^/3^)cofiv) P^t 

Then we have the following theorem (relative version of [S2, 2.3.5,2.3.6]), which should 
be called as the relative log convergent Poincare lemma: 

Theorem 2.29. Let the notations he as above. Then, there exists a canonical structure 
of complex on 0Jp{S) and the adjoint homomorphism 8 — > jf jp£ — (^^(^ ) induces the 

quasi-isomorphism £ ujp{£). 

Remcirk 2.30. Note that, in the above theorem, E is not assumed to be locally free: So 
it is shghtly more general than [S2, 2.3.5, 2.3.6] even in the absolute case. 

Proof. By definition, one can check the equality 

iv^Sm = \im4ST„iz.v) 7r;,,cu;,/y)(T„(Z x V)) 

for an enlargement Z, where Z x V is the product of Z and V taken in the category of 
pre-widenings and n-p^n is the canonical map T„(Z x V) — > V. Varying Z, we see that 
the sheaf u!p{S)z on Zzar induced by cup is given by 

where Ti:z,n is the canonical map T„(Z x V) — > Z. To define a canonical structure 
of a complex on ujp{£), it suffices to construct a canonical, functorial structure of a 
complex on ijjp{£)z for affine enlargements Z :— {{Z, Mz), {Z, Mz),i, z). Let (P"*, Mpm) 
be the m-th log infinitesimal neighborhood of {V,M-p) in (V,M-p) y<(y,My) {'PjM-p), let 
Pi,m '■ (P™, M-pm) — > [V, M-p) {i = 1, 2) be the morphism induced by the i-th projection 
and put := p^^iX), M^- := Mx\ x™. Then we have pre-widenings 

((p-,Mp.),(X,Mx)), Vr := {{V^,Mpr.),{Xr,Mxrr.)), 

and the following diagram of pre-widenings (for i — 1, 2): 

Pi,m 

V V. 

It induces the diagram of pre-widenings 

X Z X Z 

(2.3) 

VxZ VxZ 

for i = 1, 2. By taking the systems of universal enlargements of the above pre-widenings, 
we see that (i = 1,2) induce the isomorphisms of inductive systems of p-adic fine log 
formal i3-schemes 

(2.4) {Tr,{V^ X Z)}„ = {T„(Pr X Z)}„ 
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by Lemma 2.17 and that qi{i — 1,2) induce the isomorphisms 
(2.5) 

T^iVr X Z) = T^{V X Z) x-p V"", T^{V^ xZ)^^^ x-p T^{V x Z) 

by Lemma 2.16. By evaluating £ on {Tn{V x Z)}^, we see that £ naturally induces a 
coherent sheaf E on \Z^^^z— Un^n('?' X Z)ki and the isomorphisms (2.4), (2.5) induce 
the isomorphisms 

d,n ■■ n^Opm 0o log E ®o log TT^Opm (m e N). 

(Here tt^ denotes the functor Coh(C-p) — > Coh((9j^jiog ) defined as composite 
Coh(C>p) — > Coh(Q ® Op) ~ Coh(Cp^) Coh(a„f,og ), 

where the last arrow is the functor induced by the map \Z^^^z — ^ 'Pk) Then we can 
define the map d : E — ^ E <Sio log '^v^v/y ^(^) ^i(l ® e) — e (8) 1, and extend it 
to the diagram 



E^E(^0 T^v^vly^ >E®o T^v^liy^--- 

in standard way. By applying the direct image by the map ttz ']Z^^%z — ^ — 2 to 
the above diagram, we obtain the diagram 

u;r{£)z := [u;'4£)z ^u;^£)z ^■■■^u;^£)z ^•••], 

since we have 

by definition. This construction is functorial with respect to affine enlargement Z and so 
it induces the diagram 

a;;(£) := [^{S) ^u;'^{S) ^4(£) ^■■■]. 

We prove that the diagram Wp{S) forms a complex and that the adjoint map S — > 
JpE = ujp{£) induces the quasi-isomorphism 8 ujp{S). To prove it, it suffices to 
check it on an affine enlargement Z := {{Z,Mz), {Z, Mz),i, z). Note first that we have 
the isomorphism 

^f{£)z = ^imnTrz,n,*{^Tjzxr) ®'^r,n^v/y) 

= £z ®Oz ^^nT^Z,n,*T^V,n^V/y = ®Oz '^■p{^X/y)z ■ 

Indeed, we see that the functor ^i][^nnz,n,*{''^z,ni~)^'^v,n'^r/y) exact on Coh{Q®Oz) by 
using Lemma 2.31 below and [Ba-Ch, 5.10.1], and the functor (— ) lim n'^z.n.*'^!:' -n^p/y 
is right exact. So it suffices to check the isomorphism in the case Sz — Q ®z , which 
is obvious. Then, by noting the fact that the diagram (2.3) is defined over Z and by 
definition of rf, we sec that the map d on ujp{£)z is compatible with the map id ® d on 
£z ®Oz ^p{^x/y)z via the above isomorphism. So it suffices to show that the diagram 
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u!!p{]Cx/y)z forms a complex and that the diagram Q<S)z Oz — > i^p{J(^x/y)z is a complex 
which is locally homotopic to zero. 
By construction, the map 

d : ujp{lCx/y)z = ^^n'n^z,n,*{'^r,n^'p) — ^ ^ElnTrz,nA^v,n^v/y) = ^f>{^x/y)z 
is obtained by applying ttz,* to the relative differential 

Since dod = holds, we have dod = 0. So the diagram uj!p{)Cx/y) forms a complex. Now 
let DR be the relative de Rham complex 

Then the diagram Q <Siz Oz — u;'p{}Cx/y)z is the same as the diagram 

sp^O]z[z — > nz,*T)R. 

So it suffices to prove that this is a complex locally homotopic to zero. To prove this, 
we may assume that ]Z\^^^^2 isomorphic to ]Z[zy<D^ = x D^, where is the 
r-dimensional open polydisc of radius 1 (where r is the rank of uj^^y), by Lemma 2.31 
below. In this case, we can construct the desired homotopy by Lemma 2.32 below, as in 
the case of Poincare lemma for a complex open polydisc. So the proof is finished (modulo 
the proof of Lemmas 2.31, 2.32 below). □ 

We give a proof of the following two lemmas which are used in the above proof: 

Lemma 2.31. Let {X, Mx) be a fine log B-scheme and assume we are given the commu- 
tative diagram 

(X,Mx) — > ir,M-p) 



(2.6) 



(X,Mx) > {Q,Mq), 

where {V, M-p), {Q, Mq) are p-adic fine log formal B -schemes, horizontal arrows are closed 
immersions and f is formally log smooth. Then, Zariski locally on Q, we have the iso- 
morphism ]X[p*5=]Xg^xD'- for some r {where is the r-dimensional open polydisc of 
radius 1) such that the morphism \X^^^ — ^l-'^fg^ induced by f is identified with the first 
projection ]X^qXD^ — ^'l-'^fp^ via the isomorphism. 

Proof. Let V^^, Q^^ be the exactification of the horizontal arrows of the diagram (2.6). 
Then we have the diagram 

X > V^"" 



X > Q^^. 

We can easily check that f^"^ is formally smooth (that is, satisfies infinitesimal hfting 
property for nilpotent closed immersions of affine schemes). To prove the lemma, we 
may assume Q^^ —: Spf A, V^^ —: Spf B are affine. Let /* : A — > B be the ring 
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homomorphism associated to /^^. By infinitesimal lifting property, there exists a ring 
homomorphism s : B — > A satisfying s o f* = id. Put / := Ker s. Then, by [Gr-D2, 
19.5.3], I/P is finitely generated formally projective A-module and we have the canonical 
isomorphism 9?^ : Sym^(///^) = gr^i? (n G N). By localizing A, we may assume that I/P 
is a free A-module of finite rank. The canonical inclusion I/P ^ B/P lifts by formal 
projectivity to a homomorphism I/P — B /P^^ and it induces the ring homomorphism 
: Sym^-"(///^) — > B/P^^. This is isomorphism since y^^'s are isomorphisms. By 
taking inverse limit, we obtain the ring isomorphism lim„(Sym^-"(///^)) B, and the 
left hand side is isomorphic to A[[a;i, ■ ■ ■ , Xr\] = lim„y4[a;i, ■ ■ • , Xr]/{xi, ■ ■ ■ , Xr)"'~^^. (Here 
r is the rank oi I/P.) So we have 

]X[^s= {SpiB)K = (Spf • • • ,Xr]])K = (Spf A)^ x =]X[%^xD'. 

□ 

Lemma 2.32. Let Z := Spf Aq be a p-adic affine formal B-scheme and vr : Zk x — > 
Zk the projection. {Here denotes the r -dimensional open unit polydisc of radius 1.) 
Then the complex 

(2-7) sp^Oz^ — > (sp o Tl)*n'2^^Dr/ZK 

is homotopic to zero. 

Proof. Let us put A := Q 0^ ^O: B := V{Zk x D'^ ^Ozhxd^)- Let Xi, • • • ,Xr be the 
coordinate of and for g > 0, let us define B"^ by 

-^^ •= ® BdXi^ A dxi^ A ■ ■ ■ A dxi^. 

l<ii<---<iq<r 

Then, if we apply T{Z, — ) to the complex (2.7), we obtain the complex C := [A ^ B^ ^ 
B^ ^ ■ ■ ■]. To prove the lemma, it suffices to show that the complex C is homotopic to 
zero via a homotopy which is functorial on A. 

For 1 < j < r and ? > 1, let a] : B^ — > B^'^ be the map defined by 

q;|(/(xi, X2,--- , Xr)dXi^ A • • • A dxij 
ro, iij^{ii,---,iq}, 

I (-1)''"-^ f{xi,---,t_,---Xr)dtjdxi^A---Adxi^A---Adxi^, ii j = ik, 

and let : B^ — ^ A be the zero map. Let Pj : C — C be the map defined by 
P :— id — {d o a' + a'~^^ o d), where d denotes the differential of C. Then, by definition, 

Pj is homotopic to id. Moreover, Pj[Bdxi-^ A dxi.^ A ■ ■ ■ A dxi^) is zero if j = for some 
1 < k < q and we have Pj{Bdxi^ A dxi^ A - ■ ■ A dxi^) C Bdxi^ A dxi^ A - ■ ■ A dxi^ in general. 

We have Pj{a) = a for a G A and Pj{f{xi, ■ ■ ■ , Xr)) = f{xi, ■ ■ ■ , 0, ■ ■ ■ , Xr) for / G B^. 

j 

Next let us define P : C — > Chj P := Pr^Pr-io- ■ -oPi. Then P is homotopic to id and we 
have p{Bi) = (g > 1), p{a) =a{aeA), p{f{xi, ■ ■ ■ , x,)) = /(O, ■ ■ ■ , 0) (/ G Now 
we define 7^ : 5« — > B^-^ (g > 1), 7° : S° — ^ >1 by 7^ = (g > 1), 7°(/(a;i, ■ ■ • , Xr)) : = 
/(O, • • • ,0). Then {7*}^ gives a homotopy between P and zero map on C. So the identity 
map on C, being homotopic to P, is homotopic to zero map. So the complex C is homotopic 
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to zero. Moreover, it is easy to see that the homotopies we constructed are functorial on 
A. So we are done. □ 

Let u : {X/yy^^-,, X:^^ be the composite {X/yt^^,, ^ {X/y^^^-^^ X^^. 
Then we can prove the following in the same way as [S2, 2.3.8]: 

Corollary 2.33. Assume the diagram (2.2) is given and letS be an isocrystal on (-'^/3^)coliv- 
Then we have the canonical quasi-isomorphism 

Ru.S ^sp,DR{]XtryyK,S). 

Proof. Here we only sketch the proof. Since we may work Zariski locally, we may assume 
that {{V, M-p), (X, Mx)) is an affine widening. By Proposition 2.9 and Theorem 2.29, we 
have the quasi-isomorphism 

Ru^£ Ru^ujp{e^8). 
Next, by Proposition 2.28, we have the quasi-isomorphism 

Ru^ix}*p{e^£) = Ru^jp^^{(j)*p{uj},/y\p) ® j^e^E) 

Finally, we can prove the isomorphism (not only the quasi-isomorphism) 

u,uj'p{e,S) = sp,DR(]X[^^£') 

in the same way as [S2, 2.3.8]. Combining these, we obtain the assertion. □ 

We can prove the following in the same way as [S2, 2.3.9] (we omit the proof). 

Corollary 2.34. Let {X,Mx) be an object in (LS/B), let f : {X,Mx) — > {y,My) be a 
morphism in (pLFS/B) and let £ be an isocrystal on (-'^/3^)conv- -(f take an embedding 
system 

iX,Mx) ^ {X^-\Mxi.)) ^ (p(-),Mp(.)), 

we have the isomorphism 

R'fx/y,cony*S = R'if o g^p, BR{] X \^;f„ /yK , £). 

Now we would like to compare relative log convergent cohomology and relative log 
crystalline cohomology when we are given a diagram as in (1.1) with / log smooth. To do 
this, first we construct a functor from the category of isocrystals on relative log convergent 
site to that on log crystalline site: 

Proposition 2.35. Assume we are given the diagram {X, Mx) {Y, My) ^ (!y. My) 
as in (1.1) such that f is log smooth. Then we have the canonical functor 

$ : /co„v((X/3^)'°S) /erys((X/3^)'°S) 

such that $ sends locally free isocrystals on {X/yy°^^ to locally free isocrystals on (X/3^)J,°|g. 

Proof. Wc only sketch the outline because the proof is similar to [SI, 5.3.1] (although the 
proof here is much simpler.) 

First we assume that (X, Mx) admits a closed immersion {X, Mx) ^ {V, M-p) into a p- 
adic fine log formal B-scheme which is formally log smooth over {y, My) and we construct 
a functor * : IconviiX/y)^"^) — > HPDI((X ^ V/yf"^). Denote the (i + l)-fold fiber 
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product of {V,Mp) over {y,My) by (P(i),M^(i)) and let {V{i)^'', Mp(^i)c.) be the exact- 
ification of the closed immersion {X,Mx) ^ {V{i), M-pi^i-^). Put X{i) := Ker((9-p(j)ox — 
Ox), let Bn{i) be the formal blow-up of V{iY^ with respect to the ideal pO-p(iY^ +X(i)", 
let T^{i) be the open sub formal scheme of Bn{i) defined as the set of points x e Bn{i) sat- 
isfying {pO-p(^i)e^ +I{i))OB„(i),x — pOBn{i),x a-nd let Tn{i) be the closed sub formal scheme 
of Tn{i) defined by the ideal {x G 0T„(j) \p'^x = Ofor some n > 0}. (Then {T„(i)}„ is a 
system of universal enlargements of the prc-widcning ((P(i), Af-p(.;)), {X,Mx))- Sec Def- 
inition 2.12.) On the other hand, let D(i) be the p-adically completed log PD-envelope 
of {X,Mx) in (7'(i), Mp(j)). Then, if Ker(0-pex(j) — > Ox) is generated by m elements 
{i — 0, 1, 2), there exist canonical diagrams D{i) — > T^{i) ^ Tn{i) (^ = 0, 1, 2) for n ~ 
(p — l)m + 1, where the second map is the canonical closed immersion. Since we have the 
canonical equivalences of categories Coh(Q ® CT„(i)) — Coh(Q ^^^(j)), we can define, 
by the 'pull-back by D{i) — > T^{i)\ the functor 

^ : houAix/yy^^) ^ str"((x ^ v/yy^^) HPDi((x ^ v/yy°^-). 

Next we construct the desired functor $ in general case. Take an embedding system 

{X,Mx) ^ {X('\Mxi,,) A (pW^M^o) 

over {X, Mx)/{y, My) such that is affine, (V^°^ , M-pm ) x ^y,My) (Y, My) = (X^ , Mxm ) 
holds and that is a Zariski Ccch hypercovcring. (The existence of such an embed- 
ding system follows from [Ka, 3.14].) Let Aconv be the category of descent data on 
/conv((^^'V3^)^°^) = 0,1,2) (that is, the category of objects in /conv((^^°V3^)^°^) en- 
dowed with isomorphism of glueing in /conv((-'^*^^' /yy°^) satisfying the cocycle condition in 
i"conv(^^^V3^)'°^)-) Similarly, let Acrys be the category of descent data on /crys((^^'V3^)'°'^) 
{i = 0, 1, 2) and let Arpdi be the category of descent data on HPDI((XW ^ V^^/yy°^) 
{i = 0, 1, 2). Then we have the diagram 

^conv AhpdI •* Acrys 

and A is an equivalence of categories because the functor 

7crys((^^"V:^)'°^) HPDi((x(") ^ v^''^/yy°^) 

is an equivalence of catogories if n = and fully faithful in general. (See Proposition 1.22 
and the paragraph before it.) So we can define the desired functor $ by 

$ : J,onv((X/3^)'°S) ^ Aeonv ^ AhpdI ^ ^crys ^ /crys ( (X/3^)'°S) . 

We can also check that the functor $ defined above is independent of the choice of the 
embedding system chosen above, by a standard argument (cf. [SI, 5.3.1 Step 3]). Hence 
we have constructed the functor It is easy to see that $ preserves the local freeness. 
So we are done. □ 

Now we prove the comparison theorem between relative log convergent cohomology 
and relative log crystalline cohomology. Assume we are given the diagram (1.1) such that 
/ is log smooth and assume for the moment that {X, Mx) admits a closed immersion 
{X, Mx) ^ (■P, M-p) into a p-adic fine log formal B-scheme which is formally log smooth 
over (3^, My). Let £ be an isocrystal on (^/3^)coiv a^<i ^^t ^{S) be the associated isocrys- 
tal on {X/yy^^. Then we have the log de Rham complex DR{]X^^^ /yK,E) on ]X^^^ 
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associated to £. On the other hand, if we denote the p-adically completed log PD-envelope 
of {X, Mx) ^ {V, Mv) by [D, Md), we have the log de Rham complex DR{D/y, <^{S)) 
associated to $(^). Moreover, by the same method as [S2, 3.1.3], we have the canonical 
morphism of complexes 

Since we have the quasi-isomorphisms i?/^,sp^DR(]X[p^/3^/^, = Rfx/y,conv*E and Rf^ 
BR{V/y, $(£:)) = Rfx/y,crys*H^), we have the map Rfx/y,conv*£ — ^ Rfx/y,crys*^iE) in 
this case. Even if (X, Mx) does not admit the closed immersion {X, Mx) ^ (P, Mp) as 
above, we can define the map Rfx/y,conv*^ — ^ Rfx/y,crys*^{E) by taking an embedding 
system. Then we have the following: 

Theorem 2.36. Assume we are given the diagram (1.1) with {X,Mx) log smooth over 
(F, My) and let S be a locally free isocrystal on (-^/3^)conv- Then the homomorphism 

Rfx/y,conv*E — > Rfx/y ,crys* 

defined above is a quasi-isomorphism. 

Proof. It suffices to prove that, under the condition of the existence of the closed im- 
mersion iX,Mx) ^ {V,Mr) as above, the homomorphism i?/*sp^DR(]X[p73^K, ^) — > 
Rf^:DR{'D/y, ^{£)) is a quasi-isomorphism. We can reduce it to the case where (P, Mp) x 
{y,My){Y, My) = {X,Mx) holds, because both hand sides are known to be independent 
of the choice of the closed immersion (X, Mx) {V, M-p) up to quasi-isomorphism. In 
this case, the both hand sides are the same. □ 

As a corollary, we have the following, which are the starting points of the argument in 

the next section: 

Corollary 2.37. Assume we are given the diagram 

{X,Mx)^{Y,MY)^{y,My), 

where f is a proper log smooth integral morphism in (LS/B), {y,My) is an object in 
(pLFS/i3) and l is the exact closed immersion defined by the ideal sheaf pOy. Then, for 
a locally free isocrystal S on {X/yy^^^, Rfx/y,com,*£ 'Is a perfect complex of Q ®z Oy- 
modules on 3^zar- 

Proof. It is immediate from Theorems 1.16 and 2.36. □ 
Corollary 2.38. Assume we are given a diagram 

{X',Mx') > {Y',My') > {y',My) 

(2.8) 

iX,Mx) — ^ (y,My) {y,My), 

where f is a proper log smooth integral morphism in (LS/B), l is the exact closed immer- 
sion defined by the ideal sheaf pOy and the squares are Cartesian. Then, for a locally free 
isocrystal E on (X/3^)|.°|y, we have the quasi-isomorphism 

LlP* Rfx/y, conv*^ ^ Rfx'/y',cony*'^*E. 

Proof. It is immediate from Theorems 1.19 and 2.36. □ 



32 



ATSUSHI SHIHO 



3. Relative log convergent cohomology (II) 
Assume we are given a diagram 
(3.1) (X, Mx) (Y, My) ^ (3^, My), 

where / is a proper log smooth integral morphism in (LS/B), {y,My) is an object in 
(pLFS/i3) and t is a homeomorphic exact closed immersion in (pLFS/B). In this section, 
we prove the coherence and the base change property of relative log convergent cohomology 
of {X, Mx) over (3^, My) when '/ has log smooth parameter' (for definition, see Definition 
3.4). Note that, in the above situation, l is not assumed to be defined by pOy. So t does 
not necessarily admit a PD-structure. Nevertheless, we can prove them by reducing to 
Corollaries 2.37, 2.38 (that is, the case where t admits canonical PD-structure). 

The first proposition we need is the topological invariance of the category of isocrystals 
on log convergent site and that of relative log convergent cohomology. 

Proposition 3.1. Assume we are given an object (y,My) in (pLFS/B) and a homeo- 
morphic exact closed immersion i : (Xi,MxJ {X2,Mx2) in (LS/;B) over {y,My). 
Then: 

(1) The restriction functor 

/conv((X2/3^)^°S) /conv((^l/3^)'°^) 

is an equivalence of categories. 

(2) ForS e Iconv{{X2/yy''^), the restriction 

Rfx2/y,conv*£ — ^Rfxi/y,^^*^*^ 
is a quasi-isomorphism. 

Proof. To prove (1), we may assume the existence of the closed immersion (X2, M^a) 
{V, M-p) into a p-adic fine log formal scheme {V, M-p) which is formally log smooth over 
{y,My). Let (P(i),Mp(j)) be the (i + l)-fold fiber product of {V,Mp) over {y,My). 
Then, since the natural morphism — ^]-'^2[p(j) is an isomorphism by definition of 
log tubular neighborhood, the restriction functor 

str"((X2 v/yy°^) str"((Xi ^ v/yy°^) 

is an equivalence of categories. The assertion (1) follows from this. 
Let us prove the assertion (2). Take an embedding system 

(X2,M;,,) ^ (X«,M^(.)) ^ iV^'\M-p,.,) 

of {X2,M:,,)/{y,My) and put (xJ'\m^(.)) := (x(*\m^(.)) X(x,,Mx,) {Xi,Mx,). Then 
the diagram 

(Xi,M;,J ^ (X;*\m^(.)) ^ (pW,Mp(.)) 

is also an embedding system. Then, since the natural morphism ]x{*''[^f.) — ^]-^2*'' [^f.) is 
an isomorphism, we have the isomorphism of the associated log de Rham complexes 

DR{]xi'^\:;f,,/yK,s) DR{]xi'^^;f„/yj,,z*s). 

The assertion of the lemma follows from this and Corollary 2.34. □ 
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By combining Proposition 3.1 and Corollaries 2.37, 2.38, we immediately obtain the 
following: 

Corollary 3.2. Assume we are given the diagram (3.1) and a locally free isocrystal 8 on 
{X/y)^°^^^. Put (Fi,MyJ := iy^My) Z/pZ and assume that there exists a proper 
log smooth integral morphism (Xi,MxJ — ^ (Yi,MyJ satisfying (Xi,Mxi) X{Yi,Myj^) 
{Y, My) = (X, Mx)- Then Rfx/y, conv*8 is a perfect complex of Q ®i Oy-modules. 

Corollary 3.3. Assume we are given a diagram 

{X',Mx') > {Y',My') > {y',My) 

(3.2) I I 

{X,Mx) ^ {Y,My) ^ iy,My), 

where the horizontal lines are as in the diagram (3.1) and the left square is Cartesian. 
Let (Yi,MyJ := {y,My) Z/pZ and assume that there exists a proper log smooth 
integral morphism (Xi,Mxi) — > (Yi,MyJ satisfying {Xi,Mxi) X{Yi,Myj^) O^y^v) ~ 
{X, Mx)- Then, for a locally free isocrystal £ on (-^/3^)coiv; '^^ have the canonical quasi- 
isomorphism 

L(p*Rfx/y,conv*^ — ^ Rfx'/y',conv*V*^- 

Now we introduce the notion of 'having log smooth parameter': 

Definition 3.4. We say that a proper log smooth integral morphism f : {X, Mx) — > {Y, 

My) of fi,ne log B-schemes has log sm,ooth parameter in strong sense {over {B,Mb)), if 
there exists a diagram of fine log formal B-schemes 

{X,Mx) < {X',Mx') > {Xo,Mxo) 



(3.3) / 



/' 



fo 



{Y,My) {Y',My') (1^0, MyJ, 

where two squares are Cartesian, g is strict etale and surjective, fo is proper log smooth 
integral and {Yq, My„) is log smooth over {B, Mb). We say a proper log smooth morphism 
f : {X,Mx) — > (y, My) of fine log B-schemes has log smooth parameter if we have a 
decomposition X := U^Xi into open and closed suhschem,es such that the composite 

(X,,Mx|xJ {X,Mx) (r,My) 
has log smooth parameter in strong sense for each i. 

Remark 3.5. (1) Let / : (X, Mx) — ^ iY., My) be a morphism of fine log S-schcmes 
having log smooth parameter. Then any base change of / in the category (LS/S) 
also has log smooth parameter. 
(2) If Let / : (X, Mx) — > (Y, My) is a morphism of fine log S-schemes having log 
smooth parameter in strong sense, we can take a diagram (3.3) with Yq affine. 

Then we have the following theorem, which is one of the main results in this section: 

Theorem 3.6. Assume we are given a diagram 

(3.4) (X, Mx) (F, My) ^ (3^, My), 
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where f is a proper log smooth integral morphism having log smooth parameter in (LS/i3) 
and L is a homeomorphic exact closed immersion in {pLFS/B). Then, for a locally free 
isocrystal £ on (X/S')|.°^y, Rfx/y, com,*£ is a perfect complex of Q ®z Oy-modules. 

Lemma 3.7. Let the notation he as in Theorem 3.6 and assume moreover that f has log 
smooth parameter in strong sense. Then there exists a strict etale surjective morphism 
ip : {y",Myi') — > {y,My) such that, if we denote the base change of the diagram (3.4) 
by cp by 

(X", Mx") (Y", My.) 4 (y , My,) 

and if we put (Y]",My") := {y'^My,,) Z/pZ, there exists a proper log smooth in- 
tegral morphism {X'l.Mx-) — > (Yl'^Myi') satisfying {X'(,Mx^) x^y{',m^.) {Y" , My„) = 

{X",Mx"). 

Proof. Let us take a diagram (3.3) with Yq affine and let {y', My) be the fine log formal B- 
scheme which is strict formally etale over {y, My) satisfying {y', My) y<(y,My) {Y, My) — 
{Y',My'). Then, since Yq is affine and {Yq, MY^^) is log smooth over {B,Mb), we can 
lift {Yq,Myq) to a fine log formal i3-scheme (yQjMy^) which is formally log smooth over 
{B, Mb). Then, by the infinitesimal lifting property of log smooth morphism, there exists 
a strict etale surjective morphism : (3^", My,,) — > [y' , My,) and a morphism h : 
{y", My,,) — > {yo, My^) which fits into the commutative diagram 

{Y",My,') {y",My„) 

h 

{Yo,My,) {yo,My,), 
where l" denotes the base change of l by the composite 

{y",My,) ^ {y',My) {y,My) 

(which we denote by ip) and the left vertical arrow is the composite 

{Y", My„) = (y , My,,) X^yMy) {Y, My) ^ , My) = {Y' , My,) ^ (Yq, My,). 

Then, if we denote the base change of 

(Xo,Mx,) (Yo,My,) {yo,My,) 

by h by 

(X(',Mx;0 {Y;',My,,) {y",My„), 

wehme{YI',My,,) = (y, MyO®z,Z/pZ and (X^', M^»)x(y/',M,,,)(^"' ^v") = (X",Mx")- 
So we are done. □ 

Proof of Theorem 3. 6. We may assume that X has log smooth parameter in strong sense. 
By Lemma 3.7, we have a strict formally etale Cech hypercovering e : {y'^*\My(,)) — > 
[y, My), such that, if we denote the base change of the diagram (3.4) by {y^*\ My(,)) — >■ 
(y, My) hy 

{X(-\M^(,)) {Y^-\My,,)) ^ {y^'\My(,)) 
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and if we put {Yi'\ M^(.)) := {y^*\ Myi,))(S>Zp'^/p'^, there exists a proper log smooth mor- 
phism \ M^(„)) My(„)) satisfying (xf \ M^(„)) x ^ . (F(-), M^,„)) 

= (X("), M;f(„)) for each n G N. So, if wc denote the restriction of ^ to Iconv{{X^*yy^*^y°^) 
by Rfx(^'i/y("),con-v*^^^^ is a perfect complex for each n, by Corollary 3.2. 
Now we claim that the canonical morphism 

is a quasi-isomorphism. We can reduce the claim to the case where X is affine. So we 
may assume that (X, Mx) admits a closed immersion (X, Mx) (P, Mp) to a fine 
log formal ;B-scheme (P, M-p) which is formally log smooth over [y, My) and satisfies 
{V, M-p) X{y^My) {y, My) — {X, Mx)- In this case, we have the strict formally etale Cech 
hypercovering 5 : (pW,Mp(.)) iV,Mr) satisfying (T'W, Mpo) x^y^My) {Y,My) = 
{X^*\ Mx(»)) since we have Vet — ^et- K we denote the morphism V — y by h, we have 

Rfx/y ,conv* 

S^RKsp,DR{VK/yK,S), 

it:e,it:/;,(.)/y(.),,„„,,£:w = RKRS,sp^:^DR{vP/yP,s('^), 

where sp,sp^'^ is the spacialization map Vk — ^ 'P^'Pr* — V^'\ respectively. So, to 
prove the claim, it suffices to show that the map 

sp,BR{VK/yK,S) R6,sp^:^DR{vi^^/yPs^'^) = Rsp,R6K,.BR{vi^^ /y^ ,S^'^) 

is a quasi-isomorphism and it is reduced to the quasi-isomorphism JF — ^ RSk,*S'^J- for 
a coherent sheaf J-' on Vk- This is true by [C-T, 7.1.2]. So we proved the claim. 
By the above claim, we have the spectral sequence 

= -R^e*-RVx(«)/y(«),conv*^^'^ =^ R^^^fx/y .conv*'^ ■ 

Note that R^fxin) /y(n),conv*^^"'^ is known to be isocoherent and that they are compatible 
with respect to n by Corollary 3.3. So there exists (by etale descent of isocoherent sheaves) 
an isocoherent sheaf on y such that J-^ Oy(,) = -R*/x(')/y('),conv*^*"*^ holds. Then 

we have 

i?^e,i?Vx(.)/y(.),conv*^^*^ =:F' {s = 0), (s > 0). 

So we have R^ fx/y,com*S = and it is isocoherent. Moreover, Rfx/y,conv*^ is bounded 
and it has finite tor-dimension Zariski locally because so does RfxW /ym conv*^'"^'' — 

Rfx(o) /yw crys*^!^*'"'')- Therefore Rfx/y, conv*^ is a perfect complex of Q ®z Cj^-modules. 

□ 

Remark 3.8. In the above proof, we have shown the isomorphism 

R'fx/y ,conv* 
Next we prove the base change property. 
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Theorem 3.9. Assume we are given a diagram 

{X',Mx') > {Y',My>) > {y,My) 

(3.5) 

{X,Mx) — ^ {Y,My) > {y,My), 

where the horizontal lines are as in Theorem 3.6 and the left square is Cartesian. Then, 
for a locally free isocrystal £ on (X/3^)J,°s^, we have the quasi-isomorphism 

Lip*Rfx/y,conv*£ — ^ Rfx'/y',conv*V*£- 

Proof. Wc may assume that / has log smooth parameter in strong sense and it suffices 
to prove the induced morphisms on cohomologies are isomorphisms etale locally. Let us 
take a strict formally etale surjective morphism (yo^My^) — > {y,My) such that, if we 
denote the base change of the bottom horizontal hne in (3.5) by (3^o, -^^o) — ^ ^y) 

by 

(Xo, Mxo) — (lo, My„) ^ (3^0, My,), 

there exists a proper log smooth morphism (Xi,MxJ — > (Yi,MyJ saisfying (Xi,MxJ 
X(^YuMy^){Y,MY) = {Xo,Mx,), where (Fi,MyJ := {yo, My,) ®^^Z/pZ. Put {y^^My^) : = 
{yo,My,) X(y,My) {y',My), denote the projection {y^My,) — > {y',My) by cp', denote 
the base change of the top horizontal hne by </?' by 

(X^Mx^) {Y^,My,) ^ {y',,My,) 

and denote the restriction of £ to /conv((-'^o/iVo)'°^) by £q. Then we have, by Remark 3.8, 
the isomorphisms 

W{Lip*Rfx/y,conY*^)\y', = 'H'^iL^p'* Rf Xo/yo,conv^o), 

'H'^{Rfx'/y',conv*'fi*^)\y^ = 'H'^{Rfx',/y^,conv*^'*^o)- 
So it suffices to prove the quasi-isomorphism 

.conv^O ^Rfx 

and it follows from Corollary 3.3. □ 

Let us denote the category of p-adic fine log formal schemes over (B, Mq) of the form 
Ua6a(A';„M,) ((A',,M;,) e (pLFS/B)) by (pLFS/B)'. For {X^M^) = ]1^^^{X^,M^) e 
(pLFS/B)' with {Xx,Mx) e (pLFS/B) (A e A), we put Coh(Q ® Op^) := nAeACoh(Q ® 
Ox^)- A morphism {y',My/) — * {y,My) in (pLFS/B)' is said to be analytically flat if 
the induced functor Coh(Q ® Oy) — > Coh(Q ® Oy) is exact. Then, as a corollary of 
Corollary 3.3 and Theorem 3.9, we have the following result. 

Corollary 3.10. Assume we are given a diagram in {pLFS/B) 

{X',Mx') > {Y',My') > {y',My) 



{X,Mx) — U {Y,My) {y,My), 

where f is a proper log smooth integral morphism in (LS/B), l is a homeomorphic exact 
closed immersion and the left square is Cartesian. Let £ be a locally free isocrystal on 
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(X/3^)|,°s^ and assume one of the conditions (1), (1)' below and one of the conditions (2), 

(2)' below are true: 

(1) (/9 is analytically fiat. 

(1) ' R'^ fx/y,com*£ is a locally free Q ®z Oy-module for any q. 

(2) / has log smooth parameter. 

(2)' // we put (Yi, MyJ := (3^, My) Z/pZ, there exists a proper log smooth integral 
morphism (Xi, Mx,) — > {Yi, My,) satisfying (Xi,MxJ X(y^,Myj {Y,My) = {X,Mx). 
Then we have the canonical isomorphism 

^*R'^ fx/y, conv*£ R''fx'/y',conv*^*£ (g G N). 

In the case where the condition (1) is satisfied, we call the result of Corollary 3.10 'the 
analytically flat base change theorem'. 

In the rest of this section, we give some examples of analytically flat morphisms. Let 
us call a morphism {y', My>) — > {y, My) in {pLF'^/B)' analytically faithfully flat if the 
induced functor Coh(Q ® Oy) — > Coh(Q ® Oy) is exact and faithful. First we prove a 
lemma, which provides the first examples of analytically (faithfully) flat morphisms: 

Lemma 3.11. (1) A morphism (p : (3^', My) — > (3^, My) m {phY'^/B) is analytically 
flat {resp. analytically faithfully flat) if y' — > y is fiat {resp. faithfully fiat). 

(2) A morphism if : {y',My) = UxeAiy'x, MyJ — ^ iy,My) in {pLFS/B)' is analyt- 
ically fiat if and only if each (f\(y m ,) is analytically fiat. 

(3) Let us assume given the commutative diagram in (pLFS/B) 

{Z\Mz,) {Z,Mz) 
f 

{y,My) {y,My) 

and assume that f is analytically fiat and that f is analytically faithfully flat. 
Then, if ip' is analytically flat, so is ip. 

(4) A morphism m {phY^/B)' of the form ip : {y',My) = UxeAiy'x, ^y^) — > 
{y,My){{y'^,MyJ,{y,My) e {pLFS/B)) is analytically flat (resp. analytically 
faithfully flat) if the morphisms (px '■ y'x k — ^ yK (A G A) induced by </? are admis- 
sible open immersions {resp. if the morphisms ipx '■ y'xK — ^ yK (A G A) induced 
by ip are admissible open immersions and if the morphism Uasa yx,K — ^ 
surjective) . 

Proof First we prove (1). If 3^' — > y is Rat, Q 0^ 'f~'^Oy — > Q ®^ Oy is flat and so 
^* : Coh(Q (g) Oy) — > Coh(Q O Oy) is exact. We prove ^* is faithful if ^ is faithfully 
flat. To prove this, we may assume that 3^,3^' are in (pLFS/B). Let us take a morphism 
/:Q(8)M — > N such that (p*f : (p*M — > (p*N is zero. It suffices 
to prove that / is zero. To prove this, we may assume that / comes from a morphism 
M — > N. Then there exists a non-zero integer n such that nLp*f : ip*M — > ip*N is 
zero. Then we have n/ = by the fuUy-faithfulness of ip and so / = as the morphism 
Q® M — >Q®N. 

(2) and (3) are immediate. (4) follows from the equivalence of categories Cdh[<^®Oy) = 
Coh{Oy,), Coh(Q ^ OyJ = Coh(C»^,_^). □ 
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The following proposition gives an important example of analytically flat morphisms, 
which is useful in the next section: 

Proposition 3.12. Assume we are given a commutative diagram 

{X',Mx') {V',Mj„) 

(3.6) f\ 9 

{X,Mx) {V,M-p), 

where f is a strict morphism in (LS/B), l, l' are closed immersions and g is a formally log 
smooth morphism in (pLFS/B). Let {(T^,™, Mt^ ,^)}^^^, {{Tx>,m, A^t^, ,„)}mGN &e the sys- 
tem of universal enlargements of {{V, M-p), (X, Mx)), {{V, M-p/), (X', Mx')) respectively 
and let g„i : {Tx'^m, M^^, — > {Tx,m-i m) ("^ ^ ^) the morphisms induced by g. 
Then g^ 's are analytically fiat. 

Proof. For any closed point x' in X', let us put x := f{x') and take a finite morphism of 
spectra of fields x — > x such that, if we put x' := xx^x', Sired is isomorphic (over 5;) to the 
disjoint union of finite number of x's. (This is possible because the morphism x' — > x 
corresponds to a finite extension of fields.) Also, take a strict morphism {V, M~) — > 
{V, M-p) with V — > V flat which fits into the following Cartesian diagram 

{x,Mx\^) ^ (P,M^) 

(3.7) I 

(x,MxU) > {V,Mj,), 

where the lower horizontal arrow is the composite {x,Mx\x) ^ {X,Mx) — ^ {V,M-p). 
(This is possible: Indeed, we may reduce to the case where x — > x corresponds to a mono- 
genic extension and it is easy in this case.) Then let us put (P', M'~) :— {P, M~) X(p>^M-p) 
{V\Mp,). 

Let {(Tj,,m, MT^^)}mm, {(^aj'.m, Mt , )}mGN, {{T~ , Mt~ )}meN, {iT~, , Mt~ )}meN, 

^ ' x,Tn ' x' ,m 

{(T~, ^, Mt~ )}mGN be the system of universal enlargements of {x, Mx\x), (x', Mx'\x'), 

red' x' ,,m 

red 

(2, Mx|~), (5', Mx'Ip), (5;;ed, Mx'bJ in (P, Mp), {V, M-p,), {V, M^), {V, M^,), {V, M^,), 
respectively. 

First let us consider the canonical morphism 

II II T^',n,K -^]Xtf. 

n=m x'eX' 

It is surjectivc and each component of this map is an admissible open immersion. (In this 
proof, we call such a morphism a surjective map by admissible open sets.) By pulling 
back this morphism by Tx',m,K -^]X'fpf, we obtain a surjective map by admissible open 
sets 

oo 

•^i^ • II II (^a;',n ^T^i Tx',m)K ^ Tx',m,K 

n=m x'eX' 
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which comes from the morphism in (pLFS/B)' 
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oo 

n=m x'eX' 



By the same argument, we obtain another surjective map by admissible open sets 

oo 

•^-fs^ ■ II II (^a;,n XTx.n Tx,m)K > Tx,m,K 

n=m x'eX' 

which again comes from the morphism in (pLFS/;B)' 

Tx.m. — > Tx,m- 

It is easy to see that the morphisms a, a' fit into the following commutative diagram: 



: II II ^^,n XTx,n J-X,m 
n=m x'eX' 



Un=m Ux'eX' Tx',n Xt^, „ Tx',r. 



'-X',m 



\l'^^=mU.x'&X'Tx,n XTx,„ 



9m, 



'-X,m- 



By Lemma 3.11 (4), a, a' are analytically faithfully flat, and by Lemma 3.11 (1), (2), (3) 



and the above diagram, g„i is analytically flat if the map Tx'^n Xt„, Tx'^r. 



Tx,n XTx, 



Tx,m (which we denote by f3) is analytically fiat for any n > m and x'. So we are reduced 
to showing that the morphism (3 is analytically flat. 
Next, let us note that the morphisms 



T / , 



induced by (3.7) is faithfully flat: Indeed, since T~, j^,Tx',n,T~ jj^,Tx^n are unchanged if we 
shrink V and V as long as V (resp. V) contains x (resp. 5;), we may assume that V — > V 
is faithfully flat to prove this claim. In this case, the claim follows from the isomorphisms 
'^x',n — Tx',n >^p'P, T~j^ = Tx^n Xp , which is true by Lemma 2.16. Hence the morphisms 



y : ^x',n XTjf, „ Tx',m > Tx',n ^T^, Tx',m, 7 '■ ^x^n XTx,„ Tx,m 

are faithfully flat and they flt into the following commutative diagram: 



T~„ X 



x,n ^Tx,n Tx,m 



So, by Lemma 3.11 (3), we are reduced to prove that the morphism T~, ^ Xy^, ^ Txr 
'^xn XTxn Tx,m (which wc dcuotc by S) is analytically flat. 
Next let us consider the morphism 



l=n 



X' i K 



~i rlog 



\X 
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It is a surjective map by admissible open sets since we have ]5red[^f~]^'[^f ■ PuUing 

back this morphism by (T-^ ^^x'n '^x',m)K ~^]^'[^f) we obtain a surjective map by 
admissible open sets 

CO 

S'k ■ ^T~^^ T~,^^ Xt^,^^ Tx',m)K > {T~^n ^T^',n Tx',m)K 

l=n 

which comes from the morphism in (pLFS/B)' 

oo 

^' '■ n ^^I'.i ^^^'.n ' ^^.'^ ^^^'.n 

l=n 



So, again by Lemma 3.11, we are reduced to showing that, for any I > n > m, the 
composite morphism 

^^U.' ^^P.i ^^x',„ Tx',m T~n Xt^, ^ Tx',m ^ XTx,n Tx,m, 

which we denote by e, is analytically flat. 

Now let us put S -.^ T~„ Xt^ Txm- Then the morphism e : T~, , Xt~ T~. Xt^, 

^x',m — -S" is factorized as follows: 

^^;ed'' 

red' 3;',/ ' x,t ) vi. ,/t 1 

red' a:,i 

Note that the first arrow is analytically fiat, since the associated morphism between rigid 
analytic spaces is an admissible open immersion. Hence we are reduced to showing that 
the projection T-, iXt- S — > S (which we denote by tt) is analytically flat. Now let us 

red' x,l 

consider the following commutative diagram 



where ip is the morphism induced by x^ed — ^ ^' — ^ ^ the horizontal arrows are 
natural admissible open immersions. Since x^ed isomorphic to the disjoint union of 
flnite number of x's and (■p',Mp,) — )• {V,M~) is formally log smooth, there exists an 
isomorphism ]5^ed[^f— lJ"=i]5^[~^x£)''* for some n, n e N such that </? is identifled with 
the projection 

n n 
i=l i=l 

via this isomorphism. Then the morphism ttk factors as 

n 

(T~,^^,, Xt~^ S)k ^ ^-\Sk) = ]ISkxD^*^ Sk, 
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where the first map is an admissible open immersion and the second map is the projection. 
So it is easy to see that the functor 

C0h{Q®Os)^C0h{Os,)^C0h{O^T~, ^XT-5)x)=C0h(Q®C»T~, s): 

red' "^'^ red' -^^^ 

which is the same as e*, is exact. So we have proved that e is analytically flat and so we 
are done. □ 



4. Relative log analytic cohomology 

In this section, first we introduce a rigid analytic variant of relative log convergent 
cohomology, which we call relative log analytic cohomology. It is regarded as a relative 
version of analytic cohomology introduced in [S2] . Then we will prove a relation between 
relative log convergent cohomology and relative log analytic cohomology for proper log 
smooth integral morphisms having log smooth parameter. This implies the coherence 
of relative log analytic cohomology. After that, we prove the existence of a canonical 
structure of an isocrystal on relative log analytic cohomology. 

First we give a definition of relative log analytic cohomology. 

Definition 4.1. Assume we are given a diagram 

(4.1) {X, Mx) (y, My) ^ {y, My), 

where f is a morphism in (LS/B) and l is a closed immersion in (pLFS/B), and let £ he 
an isocrystal on {X/yY°^^^. Take an embedding system overy 

(4.2) {X,Mx) ^ {X^-\M^,.,) ^ (p(-),Mp,.)), 

let he the restriction of 8 to (X^, M^(.)), let DR(]XWf f.j/J^'^, £(')) be the log de 
Rham com,plex associated to 8^'^ and let h be the morphism ]X*^*)[!^f.) — ^'l^f^^ induced by 
the embedding system (4.2). Then we define Rfx/y,3.n*8 , R'^fx/y,a.n*8 by 

Rfx/y,.n*£ := RKDRQX^XU/yK, £:«), R'fx/y,.n*S := i?^/i*DR(]xWgf.)/J^^, 8^'^) 

and we call R^ fx/y,a.n*£ the q-th relative log analytic cohomology of {X , Mx) / {y , My) 
with coefficient 8. It is a sheaf of OT^y^os-modules. 

Remark 4.2. With the above notation, let {iym-i My^)}m be the system of universal 
enlargements of {{y, My), {Y, My), t, id) and denote the base change of the diagrams (4.1), 
{^.2)hj {y My J ^{y, My) hy 

(4.3) (X^, MxJ (F^, MyJ {ym, My J, 



(4.4) (X^, MxJ ^ (X«, M^(.)) ^ (PW, M^(.)), 

respectively. Let 8m^ 8^^ be the restriction of 8 to {X„i, Mx^), {X^'\ M (.)) rcspec- 
tively, let DRQX^^^^^f^^/y^^Kj^m) be the log de Rham complex associated to 8^^ and 
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let hm be the morphism ]X^-) gf.^ -^]YtZ^ y^^K- Then we have \Y{f^ \}^ y^^K. = 
/iU(.),iog , ]X^')£f.)= h-\ym,K) and 



is nothing but the restriction of R'^fx/y,a.n*^ to 3^m,x- 

In order to assure that Definition 4.1 is weU-defined, we should prove the following 
proposition: 

Proposition 4.3. Let the notations be as in Definition 4-i- Then the definition of the 
relative log analytic cohomology fx/y,a.n*£ of {X, Mx) / iy i My) with coefficient £ is 
independent of the choice of the embedding system,. 

The method of proof is similar to that of [S2, 2.2.14]. First we prove the following 
descent property: 

Lemma 4.4. Assume we are given the Cartesian diagram 

{X('\Mxi.)) > (pW,Mp(.)) 



(4.5) 
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iX,Mx) {V,Mr), 

where {X,Mx) is an object in (LS/B), {V,Mp) is an object in (LFS/B), i is a closed 

immersion and g is a strict formally etale hypercovering. Let gx 'j^^'^tpf*) — 

the morphism induced by g and let £ be a coherent sheaf on ]X^p^. Then we have the 

quasi-isomorphism 

£ — > RgK,*gK^- 

Proof. Let {{Vm, M-p^)}^ be the system of universal enlargements of the pre- widening 
{{V, M-p), {X, Mx), i, i) and let 

(XW,M^(.)) . (Pi-\M^(.)) 

gm 

{X^,MxJ {rm,MrJ 
be the diagram obtained by applying ^(j>Mv)i'^rn, Mp^) to the diagram (4.5). Let gm,K '■ 
Rrn^K — ^ Pm,K be the map induced by g^- Then we have 

]X^P^=[jV„i^K, ]-^^'^[pt«)= U^m,i^' 9K'{'Pm,K) = Vln^^K, 9m,K = gxl-pW ■ 
m m '"■^ 

So we have {RgK,*gK^)\rm k — R9m,K,*gm xi^lvm k) s° it suffices to prove the quasi- 
isomorphism £\p^^j, Rgm,K,*g*m,K{^\vm,K)- This is already proven in [C-T, 7.3.3]. So 
we are done. □ 

Next we prove a lemma which corresponds to [S2, 2.2.15]: 



1-2 
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Lemma 4.5. Let (X, Mx) — > (Y-i ^y) ^ (3^; ^y) ^■^ Definition 4-1 and assume we 
are given a commutative diagram over {y, My) 

{X,Mx) (n,MpJ 

(4.6) 

{X,Mx) {V2,Mr,,, 

where (Vj.M-p.) are objects in (pLFS/B) which are formally log smooth over {y,My), tj 
are closed immersions (j = 1, 2) and ip is a formally log smooth morphism. Let ipx '■ 
]X[p^ — ^]^[^2 morphism induced by (p and let E he an isocrystal on {X/yy°^^. 

Then we have a quasi-isomorphism 

^R{]xt;i/yK,e) ^ RipK,J^R{]xt;i/yK,s)- 

Proof. For j = 1, 2, let Vf^ be the exactification of the closed immersion ij. Then it suffices 
to prove the lemma Zariski locally on V^. So we may assume that Vf^^ is isomorphic 
to ^ the morphism ipx is equal to the projection x — > T^T^k- Let 

(ti, • • • , tr) be the coordinate of and let Q* be the complex 

r 

PvT:^ Ovi^Jti O^i^Jti, A dti, > O^i^Jti A ■ ■ ■ A dtr]. 

Then DR(]X[^^^/3^, is equal to the total complex associated to the double complex 
^*K^R{]Xpjy,S)®o^^^ So, to prove the lemma, it suffices to prove the quasi- 

isomorphism 

1,K 1,K 2,K 

for a coherent (9-pox -module E. This is reduced to showing that the complex (9-pox — > 
p>K.S^* is homotopic to zero. We can prove it in the same way as the proof of Lemma 
2.32. □ 

Proof of Proposition 4-3. The proof is similar to [S2, 2.2.14]. 
Let 

{X, Mx) ^ (Xf , M^(.)) ^ (Pf , M^(.)) (j = 1, 2) 

j 3 

be embedding systems and denote the pull-back of £ to (-^j*V3^)conv by {j = 1,2). 
Put (X(-'"),M^(..„)) := (X^^M^m) X(x,Mx) {xt\M^,.,) and Mp(^,„)) : = 

(Pi™\M^(™)) x^y^My) {vt\M^(„)). ( (X('''),M^(.,.)) forms a bisimplicial fine log B- 
scheme and {V^'''\ Mj,(.,.)) forms a bisimplicial p-adic fine log formal i3-scheme.) Let 
V,,K :]X(«'«)gf.,.,-^]xj')[^f.) bethe morphism induced by (P('''),M^(.,.)) (Pj'^M^,.,^ 



3 



and denote the pull-back oi £ to (-^*^*'*V^)conv by £^*'*''- Then, to prove the proposition, 
it suffices to show the quasi-isomorphisms 

m]x^'^tu/yK,£^'^) = R^,,K,.BR{]x^-''^t;u/yK,s^-''^) u = 1,2), 

3 
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and it suffice to treat tfie case j — 1. Let us fix n e N and let </7^^ :]X("'*)[^f„_,) — > 
[^f„) be tfie morpfiism induced by tfie first projection (P^"'*) , Mp(„..) ) — ^ (p}"^ , M^(„) ) . 

Then, to prove the above quasi-isomorphism (for j — 1), it suffices to prove the quasi- 
isomorphism 

(4.7) m]xiXh/y^^ ^1^"^) = R'PKl^^(]x^'''Xi.jyK, ^^"'•^)- 

In the following, we give a proof of the quasi-isomorphism (4.7). Let Vi^^ be the formal 

completion of ^ along x[ \ put M^(n) := M (n)\^(n) and let : (Pi"''\ M^^.)) — > 

'1 ' 1 ' 1 

(pJ"\m^(„)) be the unique strict formally etale hyper covering satisfying 
(:P("''),M^(„,)) >^^pi^)^M.,^,) = (^^"■•\M^(„,)). 

Let (P("''"),M^(„,^)) be (:p("''), Mp(„,.)) X(y,M3;) (Pi"'*\ M^(„..)). Then we have the fol- 
lowing diagram: 

(X1"\M^(„)) (X("''),M;,(„,)) ^= (^("■•),M;,(„,)) ^= (^("■•),M;,(„,)) 

(A^"),M^(„)) 3^ (^{"'•\m^(„,.)) ^ (p(-'-),M^(„,.0 ^ (7'(".-),Mp(„,.)), 

where the vertical arrows are the canonical closed immersions. Then, by the claim shown 
in [S2, p. 81], Zariski locally on X^'^''^^ there exists an exact closed immersion 

(X("'-),M^(„.„)) ^ (7'f'"^\M^(„.„)) 

of (X*^"'™'^ Mj(^(n,m)) into an object in (pLFS/B) which is strict formally etale over {Vi^\ 

M („)) such that (p{"'™\ ) is nothing but the completion of (p|"'™^ ^ M (n,m) ) along 

'1 "i '1 

(X'^"''™\ Mjf(n,m)). Then we have the canonical isomorphism p^"-'™-)'*^^ ^ -p(rt,m),cx 

actifications. On the other hand, if we put (P*'"'™''' , M— (n,™) ) := {vi"''"^\ M^(n,m)) X(y My) 

M'pi^n,m)), we have the canonical isomorphism j?^^''^^''^'^ ^ p{n,m),ex^ g^^ l-^y Remark 
2.23, we can define log de Rham complexes 

DR{]X(^''^[';i,„/yK, £:("■•)) DR^*\ DR(]X("'-)[^f„_.,/:t;^, £(-■•)) DR^"'*\ 

Put DR("'-) := DR(]X("'-)gf„,.)/3^K,^("'-)),DRi") := DR(]X;") £f„,/3^K, ^(")). Then the 
proof of the isomorphism (4.7) is reduced to the three quasi-isomorphisms 

i^prJl.DR^"'*^ = DR^r\ i^P^'k^DR^"'-^ = DR^"''\ i?/.„,x,.DRl"''^ = DR^^. 

The first and the second quasi-isomorphisms follow from Lemma 4.5 and the fact that the 
morphisms 

p4-) . (p(">™),M^(„,„,) (pj'^'^^^M^K.)), 

pj-M . (:p(".-)^M^(„,^)) ^ (:p("'-),M^(„.^)) 
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are locally the completions of the formally log smooth morphisms 



(n,m) 



respectively. The third quasi-isomorphism follows from Lemma 4.4. So we are done. □ 

The next theorem estabhshes the relation of relative log convergent cohomology and 
relative log analytic cohomology: 

Theorem 4.6. Assume we are given a diagram 

(4.8) (X, Mx) ^ {Y, My) ^ {y, My), 

where f is a proper log smooth integral morphism having log smooth parameter in (LS/-B) 
and L is a homeomorphic exact closed immersion in (pLFS/i3). Then, for a locally free 
isocrystal E on (X/D^)conv '^'^^ ? ^ 0; R'^ fx/y,a.n*E is a coherent sheaf on ]Y\^y^= and 
we have the isomorphism sp^R'^fx/y,an*E — R*^ fx/y, cony *E . 

Proof. By definition of relative log analytic cohomology and relative log convergent coho- 
mology, we have the quasi-isomorphism 

Rfx/y jConv* 

E = Rsp^Rfx/y 

So we have the spectral sequence 

— R'^Sp^R^fx/y,a.n*E =^ R'^^^fx/y,conv*E. 

Now we prove the theorem by induction on q. Assume the theorem is true up to — 1. 
Then we have R^sp^R^fx/y,iin*E = for s > 0, t < g. So we have 

(4.9) ^P*R''fx/y,s.n*E = R'^fx/y,conv*E. 

Now let us take a strict morphism (3^', Myi) — > {y, My) such that the induced morphism 
y'j^ — > yx is an affinoid admissible open immersion and denote the base change of (4.8) 
by the morphism {y' , My) — >{y,My)hj 

(4.10) (X', Mx')^{Y\ My) ^ (y, My). 

Let us denote the restriction of S to /conv((-^V3^')^°^) by E'. Then we have, by the above 
argument and analytically flat base change theorem of relative log convergent cohomology, 
the isomorphism 

^P*{iR'^ fx/y,iin*E)\y^) = R"^ fx' /y ,conv*E' = R"^ fx/y,conv*E ®Oy Oy. 

So R'^ fx/y,mi*E is the sheaf of Oy^-modules whose value at y'^^ is equal to r(3^', R'^ fx/y, com* 
E ®Oy Oy) foi' any affinoid admissible open set of the form y'^ C y^^. This shows that 
R'^fx/y,a.n*E is the coherent sheaf on yx induced by R'^ fx/y,com*E . So the assertion is 
proved. □ 

Corollary 4.7. Assume we are given a diagram 

(4.11) (X, Mx) (F, My) ^ (3^, My), 
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where f is a proper log smooth integral morphism having log smooth parameter in (LS/B) 
and L is a closed immersion in {pLY'^/B). Then, for a locally free isocrystal S on 
(X/3^)|.°e^, R''fx/y,e,n*S is a coherent sheaf on ]Y\^y^ . 

Proof. By the argument in Remark 4.2, we can reduce to the case where i is a homeo- 
morphic exact closed immersion, and in this case, the claim is already proven in Theorem 
4.6. □ 

Next we prove the existence of a structure of isocrystal on relative log analytic cohomol- 
ogy. To prove this, first we discuss a structure of an isocrystal on relative log convergent 
cohomology. 

Theorem 4.8. Assume we are given a diagram 

{X,Mx) {Y,My) ^ {S,Ms), 

where f is a proper log smooth integral morphism having log smooth parameter in (LS/B) 
and g is a morphism in (pLFS/B). Then, for a locally free isocrystal £ in Iconv{{X/Sy°^) 
and a non-negative integer q, there exists a unique isocrystalj-' on {Y/Sy°^^^ satisfying the 
following condition: For any pre-widening Z := {{Z,Mz), {Z, Mz),i, z) such that z is a 
strict morphism and that {Z, Mz) is formally log smooth over {S, Ms), the restriction of T 
to Icorw{{Z / Sf"^) = Str'((Z ^ Z/Sy°^) is functorially given by {(i?'^/xxyZ„/r„(z),conv*^, 
e„)}„, where {T„(Z)}„ := {{(Tn{Z) , Mt„(z)) , {Zn,Mz„))}n the system of universal en- 
largements of Z and e„ is the isomorphism 

P2 R'fx XyZ(l)„/r„(2(l)),conv*^ Pl,n R'^fxXyZn/Tn{Z) .conv*'-' • 

{Here {Z{l),Mzii)) := {Z,Mz) x^^sMs) {Z,Mz), 

{T„(Z(1))}„ := {((T„(Z(1)),Mt„(^(i))),(Z(1)„,M^(i)J)}„ 

is the system of universal enlargements of {{Z{1), Mz(i)), {Z, Mz)) and pi ^ is the mor- 
phism {T,i{Z{l)), MTn(z{i))) — ^ {Tn{Z) , M2'„(z)) induced by the i-th projection.) 

Proof. First let us define JF in the case where there exists a closed immersion {Y, My) >■ 
{V, M-p) in (pLFS/i3) over {S, Ms) such that (P, Mp) is formally log smooth over (5, Ms). 
Let (P(i),Mp(i)) {i = 0, 1,2) be the {i + l)-fold fiber product of {V,M'p) over {S,Ms). 
Let {Tn{V{i))} := {{{Tn{V{t)), MT„(r{^))), {Zn{i), Mz„(i)))}n be the system of universal 
enlargements of {{V{i), Mp(j)), {Y, My)) and let us put JF„(i) := -RVxxyZ„(j)/r„(p(j)),conv*^- 
Let us note first that the transition morphisms (T„(P(0)), Mr„(-p(o))) — > (T„'(P(0)), 
Mr^,(-p(o))) (n < n') are analytically flat by Lemma 3.11 (2). So, by analytically flat base 
change theorem, the family {^„(0)}„ deflnes a compatible family of isocoherent sheaves 
on {Tn{V{0))}n. Let us note next that the projections {Tn{V{i + 1)) , MT„cp(i+i))) — > 
{Tn{V{i)), MT„{v{i))) are analytically fiat by Proposition 3.12. So, again by analytically 
fiat base change theorem, {J-'n{^)}n and {J-'n{'^)}n induces a structure of compatible family 
of stratifications on {J-'n{0)}n- In this way, {J-'n{i)}ni induces an object in Str'((y 

^7?/5)i°g) = /,„„,((r/5)i°g). 

Now we define the isocrystal in general case. Take an embedding system 
(4.12) {Y,My) ^ (FW,My(.))-^(pW,M^(.)) 

such that gisa, strict formally etale Cech hypercovering and that {V^'^\ M-p{i)) is the (i+1)- 
fold fiber product of {V^'^\ Mp(o)) over {S, Ms). Then, by the construction in the previous 
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paragraph for {Y^\ Myd)) ^ (P^^^M^w), we have G I^^nviiY^^ /Sf''^) {i = 0,1,2) 
and they are compatible thanks to Proposition 3.12 and analyticaUy flat base change 
theorem. So, by etale descent of isocrystals on relative log convergent site, {^'•*''}i=o,i,2 
descents to an isocrystal T on 

Note that the isocrystal T constructed in the previous paragraph satisfies the required 
property for Z = ((pW, Mp(i)), (F^, My(i))) (i = 0, 1, 2). By etale descent for isocrystals 
on relative log convergent site, this property characterizes So we have proved the 
uniqueness of J-'. 

Next, let us take a pre-widening Z :— {{Z,Mz), {Z, Mz),i, z) as in the statement of 
the theorem and we check the required property for J^. Let us consider the following 
diagram of functors 

(4.13) z*] 

/co„v((v/5)'°s) ^ j,„,,((r(-)/5)i°s), 

where /conv((^ Xy F^*) /Sy°^), /conv((>^^*^ /5)'°s) denotes the category of descent data with 
respect to /conv((^ Xy F("V'5)^°^),/conv((>'^"V'5)'°*^) (n = 0, 1,2) respectively and g*,g'* 
(resp. z*,z'*) are the functors induced by g (resp. z). Then g*,g'* are equivalence of 
categories. Let 

{T^{Z)} = {((7;(Z), M^„(^)), MzJ)}, 

mV^'^)} = {{{TniV^'^), M^„(^(.,)), (yW, M^,.,))}, 

{T„(Z X P«)} = {((T,(Z X PW), M^„(^,p(.))), ((Z Xy r«)„, M(^,^y(.)) J)} 

be the system of universal enlargements of the widenings Z,V'^*\Z x V'^*^ (the prod- 
uct is taken in the category of widenings) respectively. Then, by definition, is sent 
by g* to the object {{RfxxYY^'^/Tr,{vW),conv*^^^Y(-),n)}n (where ey(.) „ is defined as in e„ 
in the statement of the theorem), and by analytically flat base change, it is sent by z'* 
to the object {(i?/xxy(Zxyy(«))„/r„(2xP(«)),conv*^, e^xyyw.n)}™ (where e^^yo „ is also de- 
fined as in e„ in the statement of the theorem). On the other hand, we have an object 
{{R'^fxxYZn/Tr,{z),conv*£, en)}n in /conv((^/'5)'°^), and by analytically fiat base change the- 
orem, it is sent by g'* also to {(i?/xxy(Zxyy('))„/T„(2x7'(')),conv*^, ezxyy('),n)}n- So, by the 
above diagram, we conclude that the restriction of J- to /conv(('^/»5)^°^) (by z) is given by 
{{R'^fxxYZn/T„{Z),conv*£,en)}, as rcquircd. 

Finally we prove the functoriality of the above expression. Let 

V9 : Z' := {{Z', Mz,), (Z', Mz'),t , z') ^ Z := ((Z, M^), (Z, Mz),%, z) 

be a morphism of pre- widenings such that z, z' are strict and that (Z, M^), {Z' , Mz') are 
formally log smooth over (5, M5), and we put Tz ■= {(^^/xxyZ„/T„(2),conv*^, en)}n, ^z' 
:= {{R'^fxxYZUTn{z'),conv*£,^n)}n, where Z'„,Tn{Z'),€'^ are defined from Z' in analogous 
way as T„(2^), e„. Then, we have two isomorphisms of the form 

(4.14) (f*J^z Tz' ■ 

One is the isomorphism induced by the functoriality of relative log convergent cohomol- 
ogy, and the other is the isomorphism induced by the isocrystal structure of T. We should 
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prove the coincidence of them. Let us put {Z",Mzii) := {Z,Mz) X{s,Ms) {.Z'.Mz') and 
denote the projections {Z",Mz") — ^ {Z, Mz),{Z" , Mz") — ^ {Z'\Mz') by pri,pr2, 
respectively. Let 7 : [Z'^Mz') — * {Z",Mz") be the graph of (p and put J-'z" — 
{{R'fx>c^zii/T„(Z"),con.*S, e:;)} (where Z'^, T^{Z"), are defined from ((Z", M^,,), {Z\ Mz')) 
in analogous way to Z„, T„(Z), e„). Then we have two diagrams of the form 

(4.15) ^*J^z = l*vA^z ^ l*Tz" ^ l*W'2^z' = Tz' : 

One is the diagram induced by the functoriahty of relative log convergent cohomology, 
and the other is the isomorphism induced by the isocrystal structure of T . In both cases, 
the composite is equal to the isomorphism (4.14). So, to prove the coincidence of the 
maps (4.14), we may replace (/? by pr^ [i = 1, 2), that is, we may assume that {Z', Mz') is 
formally log smooth over (Z, Mz). In this case, we have the following diagram of functors 



7conv((^7'5)'°^) /conv((^'XyF(')/5) 



/conv((^/5)'°S) 7,„„,((ZXyyW/5)'°g), 

where the horizontal lines are as the top horizontal line in the diagram (4.13) and </?*, </?'* 
are induced by yj*. Let us define J^^xpC*) ^ IconyiiZxyY^*^ /SY°^),Tzixt(*) ^ honyiiZ' Xy 
y*^'Y«5)^°^) in the same way as !Fz,J^z'- Then we have the two commutative diagrams of 
the form 

9 -rz' ^ -^2'x-p(') 

(4.16) 

where the left vertical arrow is given by applying g'* to the maps (4.14), that is, the map in 
one diagram is given by the isocrystal structure and the map in another diagram is given 
by the functoriahty of relative log analytic cohomology. Other arrows in the diagrams 
(4.16) are given by either of them, which coincide by definition of JF given above. Since 
all the arrows in (4.16) are isomorphisms and g'* is an equivalence, we conclude from 
two diagrams (4.16) that the two isomorphisms (4.14) are equal. So we have proved the 
functoriahty and the proof of the theorem is now finished. □ 

Remcirk 4.9. In the above situation, we do not claim that the value Tz of J- on any 
enlargement Z :— {{Z, Mz), {Z, Mz),i, z) is given by R'^fxxYZ/z,cony*^- If we know that 
R'^fxxYZ/z,conv*S is locally free for any enlargement Z :— {{Z, Mz), {Z, Mz),i, z), the 
equality J^z = R"^ fxxYZ/z,conv*£ holds for any enlargement Z := {{Z, Mz), {Z, Mz),i, z). 
(The proof is similar to the above proof, using Corollary 3.10 under the assumption (1)' 
and (2).) This is the case if {S, Ms) = (Spf V, triv. log str.) (where F is a complete discrete 
valuation ring of mixed characteristic (0,p) with residue field k) and My is trivial (cf. 
[02]). 

As a corollary, we have the existence of a structure of an isocrystal on relative log 
analytic cohomology. 
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Corollary 4.10. Assume we are given a diagram 

(X,Mx) (y,My) ^ {S,Ms), 

where f is a proper log smooth integral morphism having log smooth parameter in (LS/B) 
and g is a morphism in (pLFS/B). Then, for a locally free isocrystal £ on /conv((-^/»5)'°^) 

and a non-negative integer q, there exists a unique isocrystal T on such that, for 

any pre-widening Z := {{Z, Mz), {Z, Mz)-i. z) of {Y, My) / {S , Mg) such that z is strict 
and {Z, Mz) is formally log smooth over {S, Mg), T induces, via the functor 

IconAiy/SY"^) hoU{Z/St^) ^ Str"((Z ^ Z/St^), 
an object of the form (-R^/xxyZ/z.an*^, e); where e is the canonical isomorphism 

,an* 

S R'^fxxYZ/Z{l) ,an* 

£ p*iB?fxxYZ/z 

{Here {Z(l), Mz{i)) '■— {Z, Mz) X{s,Ms) {^i ^z) andpi denotes the i-th projection ]Z^^^^^ 
-^]Z['z'-) 

Proof. It is immediate from Theorem 4.8 and the relation between relative log convcgoiit 
cohomology and relative log analytic cohomology. □ 

5. Relative log analytic cohomology and relative rigid cohomology 

In this section, we prove a comparison theorem between relative log analytic coho- 
mology and relative rigid cohomology (defined in [Be2] and [C-T]) for certain proper log 
smooth integral morphism having log smooth parameter. By using it, we prove a version 
of a conjecture of Berthelot on the coherence and the overconvergence of relative rigid 
cohomology with coefficient in special case, that is, the case where the given situation 
admits a 'nice' log structure. We also discuss on the Probenius structure on relative rigid 
cohomology when a given coefficient admits a Frobenius structure. 

Throughout this section, we assume that the log structure Mq on the base log formal 
scheme B is trivial. 

First let us recall some terminologies of [C-T] and the definition of relative rigid coho- 
mology given in [C-T] . (See also [Be3] , [S2] . Note that some notations here are different 
from those in [C-T].) A pair (X, X) is, by definition, a pair of schemes X, X of character- 
istic p endowed with an open immersion X ^ X. A map of pairs / : (X, X) — * (F, Y) 
is a morphism of schemes / : X — > Y satisfying f{X) C F. / is called separated of 
finite type if so is /: X — > Y. A pair (Y, Y) over a given pair (X, X) is a pair endowed 
with structure morphism (Y,Y) — > {X,X). In this paper, a pair is always assumed to 
be a pair over {B, B) whose structure morphism is separated of finite type and all the 
morphisms of pairs are assumed to be separated morphisms of finite type over {B,B). 
A morphism of pairs / : {X,X) — > 0^^^) is called strict if f^^{Y) = X holds. A 
triple {X, X, X) is a pair (X, X) endowed with a p-adic formal scheme X over Zp and 
a closed immersion X ^ X over Zp. A map of triples / : (X, X,A') — > {Y,Y,y) is 
defined in an obvious way. / is called separated of finite type if so is X — > y. A 
triple {Y, Y, y) over a given triple (X, X, X) is a triple endowed with structure morphism 
{Y,Y,y) — > {X,X,X). In this paper, all the triples are assumed to be treiples over 
{B,B,B) whose structure morphism is separated of finite type and all the morphisms of 
triples are assumed to be separated morphisms of finite type over (S, B, B). For a triple 
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{S, S, S) and a pair {X, X) over {S, S), an {X, X)-triple over {S, S, S) is a triple (Y, Y, y) 
over {S, S, S) endowed with a morphism of pairs {Y, Y) — > {X, X) over {S, S). 
Now let us assume given morphisms 

(5.1) f:{X,X)^{Y,Y), L-.Y^y, 

where / is a morphism of pairs and t is a closed immersion of Y into a p-adic formal 
B-scheme y over B. Assume for the moment that the above morphism fits into a diagram 





X - 




(5.2) 


f 




f 




Y - 


y, 



where i is a closed immersion of X into a p-adic formal B-scheme V and /' is a morphism 
which is formally smooth on a neighborhood of X. For n e N, we denote by V{n) the 
(n + l)-fold fiber product of V over y and by i{n) : X ^ V{ri) the natural closed 
immersion induced by i. Then we can form admissible open immersions jx '-j^ivin)^ 
]X[-p(^n) of tubular neighborhoods and we have the projections 

Pi : ]X[rii)^]X[r {i = 1, 2), Pij : ]X[ri2)^]X[r(i) (1 < i < J < 3) 

and the diagonal morphism A : ]X[-p'^ ]X[p(i). Then the category P{{X,X)/yx,'P) 
of realization of overconvergent isocrystals of {X, X)/yK over V is defined to be the 
category of pairs {S, e), where £^ is a coherent j^Oj^fp-niodule and e is a j^Ojj^j^^^^-linear 

isomorphism p^S p\8 satisfying A*(e) = id,p];2(e) op*2^{e) = p\^{^)- (This definition is 

different from that given in [C-T, 10.2], but they are equivalent by [C-T, Lemma 10.2.2].) 

When we are given an object £ := G P{{X,X)/yK-,V)^ we can form an integrable 

connection of the form £ — > £ ® 7'tf2,V, by using e, and it induces the de Rham 

^ •'■'^ ]x[v/yK ^ ' 

complex of the form £ (g) jj^-fip^j^^^^, which we denote by DR^(]X[p/3^/^, £^). 

In the case where there does not necessarily have a diagram (5.2), we can always find 
a diagram 

(5.3) X^X^'^^T'W, 

where (7 is a Zariski hypercovering, i*^*) is a closed immersion over 3^ such that each V^^^ is a 
p-adic formal i3-scheme which is formally smooth on a neighborhood of X*^") := X )<yX^^\ 
Then, we can form the category l\{X^'\x'^''^)/yK,V^*^) of descent data with respect to 

the categories P{{X'^'^\X^^^)/yK-,'P'^''^^) {n = 0, 1,2) and it is known that this category is 
independent of the choice of the diagram (5.3). The category of overconvergent isocrystals 
on {X,X)/yK is defined to be this category and it is simply denoted by P{{X,X)/yK)- 
For an object £ := (^W^^W) in l\{X,X)/yK) = /^((X^, X^'V3^k, ^^•^), we have 
the associated de Rham complex DR\]X^'\p{.) /yx , £^'^) on ]x'~*''[p(.). Let h be the mor- 
phism ]X^*^[p(.) — >]Y[y induced hy fog. Then we define Rf^x,x)/y,rig*^^ R''f{x,x)/y,rig*^ 
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by 

respectively and we call R'^ f\x^)/y,r\z*^ ?"th relative rigid coliomology of {X,X)/y 

with coefficient £. It is a sheaf of jyCjyj^-modules, where jy denotes the admissible open 

immersion l^f^;'^]^^!^;- 

The category of overconvergent isocrystals l\{X,X)/y) satisfies the descent property 
for Zariski covering of X (it is rather easy consequence from the definition given above) . 
Here we give a proof of the descent property of l\{X, X)/y) for etale covering of X: 

Proposition 5.1. Assume we are given morphisms (5.1) and let X^'^ — > X be an etale 
hypercovering. Let us put X^*") :— X X^*^ and let us denote the category of descent 

data with respect to the categories /^((xW, X^^V^^i^) = 0> 1> 2) by P({X^*\X^*^)/yK). 
Then the restriction functor 

(5.4) i\{x,x)/y^) i\{x^'\x^'^)/yK) 

is an equivalence of categories. 

Remark 5.2. In the case where (F, Y, y) = (Spec k, Spec k, Spf V) (where is a complete 
discrete valuation ring of mixed characteristic with residue field k) and X is proper over k, 
this is a special case of a result of Etesse [E]. (Etesse treats the category of overconvergent 
F-isocrystals, but his argument works also in the case without Frobenius structure.) 

Proof By using [SD, 3.3.4.2], one can reduce the proposition to the case where X^*^ is the 

Cech hypercovering associated to the etale surjective morphism X^^^ — > X. Since the 
assertion is Zariski local on X, we may assume the existence of the diagram (5.2) such 

that X and V are affine. Moreover, since one can replace X^^^ by a Zariski refinement of 
it, we may assume (by [S2, claim in p.81]) the existence of the Cartesian diagram 

(5.5) 

X -^-^ V 

for some affine p-adic formal i3-scheme V^^^ formally etale over V . Let V^*'' be the Cech 
hypercovering associated to V^^^ — > V and define A, B^*^ hyV = Spf ^, V^''^ = Spf B^*\ 
Let {fi\i^i be a set of generators of the ideal Ker(A — > r(X, O^)), let {^j}jgj be a set 
of generators of the ideal Ker(r(X, O^) — > T{X — X, O^-x)) ^^"^ Qj U £ J) be a 
lift of gj to A. 

Under the above notation, ffist we prove that the restriction functor 
(5.6) 

(compatible family of coherent 
AO,^(„)j(„)-modules (n = 0,l,2)^ 
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is an equivalence of categories. Fix a strictly increasing sequence rj := {rjm} in Q ®z 
\K^ \ converging to 1. For another strictly increasing sequence u :— {vm} in Q 
converging to 1 with i>m > tjm and J' C J, wc define 

Vvm,i^m,J' - {x I \fi{x)\ < r]„, {t G /), \gj{x)\ > {j e J')}, 

and let K,^:^.„.> Kj.S be the pull-back of K„„,.„„/', ^.e by ]X(-)[p(.)-^ 

]X[-p. Assume given an object in the right hand side (5.6). Then comes 

from a compatible family of coherent modules on {n = 0,1,2) for some u. So we 

obtain the compatible family of coherent modules {E^^j,}n^m,j' on V^,|,*''^^ j/- Now let us 

note that the morphism V^^^^ j, — > yrim,i^m,J' comes from a formally etale Cech covering 
of certain p-adic formal B-schemes. So, by rigid analytic faifufuUy flat descent, the family 
of modules {-B^^j/ln is obtained as the pull-back of a coherent module Em,j' on 
(for each m, J'). Since the family {Ejn^ji}jn^jr are compatible with respect to m, J', it is 
obtained as the pull-back of the module E on V^_,^ and E :— j^E is the object in the left 

hand side of (5.6) which restricts to E^'\ So we proved the essential surjectivity of the 
functor (5.6). One can prove the full-faithfulness in the same way. So the functor (5.6) is 
an equivalence of categories. 

Now let us prove the proposition. Let us given an object := {(£'^"'\ e^"^)}„ 

in l\{X^*\X^''^)/y) = l\{X^*\X^''^)/y,V^*'^). Then defines a compatible 

family of coherent j^C',— («) -modules (n = 0,1,2). So it descents to a coherent 

j^Cjj^j^-module E. On the other hand, e^") is an isomorphism p^E'^'^^ -=-^ p\E^'^^ of 
j^O,—(„), -modules and we know that (i — 1, 2) descents to the 7t(9ivr 

module p*E. Now note that ]X^*\-p(») xyp(') is isomorphic to ]X^'\-pxyV<-*^ ^^^^ 
diagram 



X > VXyV 

is Cartesian. So, by the equivalence of categories (5.6) (P, V'^*^ replaced by V XyV,V Xy 
V^*^ respectively), {e^^^n descents to an isomorphism e : P2E — > p\E of jxO-^x^^^ ^- 

modules. In this way we obtain an object (i?, e) in l\{X, X)/yK)- So we have shown the 
essential surjectivity of the functor (5.4). The full-faithfulness can be shown in the same 
way. So we have proved the assertion of the proposition. □ 

Now we recall the statement of the conjecture of Bcrthclot ([Bc2]). Note that we need 
some discussion here because we would like to introduce several versions of the conjecture. 
First we quote [Be2, 4.3], where the conjecture is stated: 

Soient S un /c-schema, / : X — > S un morphisme propre et lisse: supposons pour 



RELATIVE LOG CONVERGENT COHOMOLOGY I 



53 



simplifier que k soit parfait, et qu'il existe une compactification S "—^ S posscdant un 
plongement S "-^ T dans un schema formel lisse T sur I'anneau W de vecteurs de Witt 
a coefficients dans k (par exemple si S est quasi projectif sur k). On pent alors former, 
comma on I'a vu en (2.5) c), les faisceaux de cohomologie rigide relative i?'^/rig*(X/T); 
Si j'^ est associe comme (2.2) a I'inclusion ]5'[t^]-S'[t, ce sont de fagon naturelle des 
j^O]5[-modules. Je conjecture que les W f\i^^{X / T) posscdent une structure canonique de 
F-cristal surconvergent ($ etant induit par fonctorialite par le Frobenius de X). ... 

(Here, R'^fng*{X/T) is the relative rigid cohomology of the structure overconvergent 
isocrystal on {X,X)/T, where X denotes any compactification of X over S.) In the 
above form of the conjecture, X, S is assumed to be complete, the coefficient is assumed 
to be trivial and the base formal scheme is assumed to be Spf W. 

Next, take a triple of the form {S,S,S) and assume that we are given a diagram of 
pairs 

(X,X)M{Y,Y)^{S,S). 

Then, based on [Be2, 4.3], Tsuzuki gives a generahzed form of the conjecture (he calls it 
Berthelot's conjecture) in [Ts2, §4], whose statement is as follows: Assume that / : X — > 
Y is proper, f~^{Y) = X and f\x '■ X — > Y is smooth. Then, for an overconvergent 
(F-)isocrystal £ on {X,X)/Sk and q>0, 'the q-th rigid cohomology overconvergent (F- 
)isocrystal -R/rig*^' on {Y,Y)/Sk (for definition, see [Ts2, 3.3.1] and Remark 5.6 below) 
exists. By examining the property which 'the q-th rigid cohomology overconvergent (F- 
)isocrystar should satisfy, we arrive at the following version of Berthelot's conjecture, 
which is stronger than the above-mentioned forms of Berthelot's conjecture: 

Conjecture 5.3. Let us take a triple of the form {S,S,S) {over {B,B,B)) and assume 
we are given a diagram of pairs 

(X,X)M(Y,Y)^(S,S) 

such that f : X — > Y is proper, f~^{Y) = X and that f\x '■ X — > Y is smooth. Then, 

for an overconvergent {F -) isocrystal S on {X, X)/Sk and q>0, there exists uniquely an 
overconvergent (F-) isocrystal J-' {which is called the q-th rigid cohomology overconvergent 
isocrystal) on {Y, Y)/Sk satisfying the following condition: For any (Y, Y) -triple {Z, Z, Z) 
over {S, S, S) with Z formally smooth over S on a neighborhood of Z, the restriction of !F 
to P{{Z,Z)/Sk,Z) is given functorially by (-RV(xxyZ,xxyZ)/z,rig*^> e); ^^here e is given 
by 

P2-^^/(XxyZ,XXyZ)/2,rig*^ ~^ -^^/(XxyZ,XXyZ)/2:x5Z,rig*^ ^ Pl-^^/(XxyZ,XXy-Z)/2:,rig*^- 

(Here pi is the morphism ]Z[zxsZ — ^]Z[z induced by the i-th projection.) 

Remark 5.4. The conjecture contains the claim that the two morphisms used in the 
definition of e are isomorphisms. 

The above conjecture is so strong that we do not know any non-trivial example for which 
Conjecture 5.3 is proved. We would hke to consider the following version of Berthelot's 
conjecture, which is slightly weaker than Conjecture 5.3 but strong enough to assure the 
unique existence of 'the q-th rigid cohomology overconvergent isocrystal': 
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Conjecture 5.5. Take a triple of the form {S,S,S) {over {B,B,B)) and assume we are 
given a diagram of pairs 

{x,x) (y,F) {s,s) 

such that f : X — > Y is proper, f~^{Y) = X and that f\x '■ X — > Y is smooth. Then 
there exists a subcategory C of the category of {Y,Y) -triples over {S,S,S) such that, for 
an overconvergent {F-)isocrystal S on {X,X)/Sk and q & N, there exists uniquely an 
overconvergent {F-)isocrystal T [which is called the q-th rigid cohomology overconvergent 
isocrystal) on {Y, Y)/Sk satisfying the following condition: For any (Z, Z,Z) E C with Z 
formally smooth over S on a neighborhood of Z , the restriction of T to l\{Z, Z) /Sk-, Z) 
is given functormlly by (^V(xxyZ,xxyZ)/2,rig*^' e), where e is given by 

P2-^^/(XxyZ,XXyZ)/2:,rig*^ ~^ -^^/(XxyZ,XXyZ)/2x52,rig*^ ^ ^'l-^^/(XxyZ,XXyZ)/2,rig*^- 

{Here Pi is the morphism ]Z[zxsZ — ^]Z[z induced by the i-th projection.) 

The difference of Conjecture 5.5 compared to Conjecture 5.3 is tlie introduction of tlie 
category C: Conjecture 5.5 is weaker tlian Conjecture 5.3 in tlie sense tliat C need not be 
equal to the category of all (F, F)-triples {Z,Z,Z) over {S,S,S). However, Conjecture 
5.5 is strong enough because it requires the unique existence of J^: In other words, the 
category C must be big enough to characterize J^. 

Remcirk 5.6. In the situation of Conjecture 5.5, let us take a (F, F)-triple {Z, Z, Z) 
over {S, S, S) such that {Z, Z) — > {Y, Y) is a strict Zariski open covering and that Z is 
formally smooth over 5 on a neighborhood of Z, and let us define the category Cq as the 
category of triples {Z', Z , Z') over {Z, Z, Z) such that {Z', Z ) — > {Z, Z) is a strict open 
immersion and that Z' is formally smooth over on a neighborhood of Z' . By looking 
at the definition of 'g-th rigid cohomology overconvergent isocrystal' in [Ts2, 3.3.1], we 
see that, in the conjecture given in [Ts2], Tsuzuki allows only the category of the form Co 
(for some {Z, Z, Z)) as the category C in Conjecture 5.5. In this sense. Conjecture 5.5 is 
slightly weaker than the conjecture given in [Ts2]. 

Remark 5.7. Conjecture 5.5 is proved in the case where there exists a Cartesian diagram 

X Y — ^ S 

V — ^ y s, 

where lower horizontal lines are morphisms in {pLFS/B) such that /' is formally smooth 
on a neighborhood of X and g' is formally smooth on a neighborhood of Y ([Be2, Thm 5], 
[Ts2, 4.1.4]). A weaker result (generic overconvergence) is proved in the case of relative 
dimension 1 ([Ts2, 4.2.7]). In the case S is trivial, a result closely related to Conjecture 
5.5 is proved when / : X — > Y is an abelian scheme ([E]) and when F is a smooth curve 
([M-Tr], using [Kcl]). 

The main purpose of this section is to prove Conjecture 5.5 in the case where a given 
morphism / : X — )• Y admits a nice log structure such that the coefficient £ extends to 
X logarithmically. (For precise statement, see Theorem 5.14, Corollary 5.15.) To do this, 
we should relate overconvergent isocrystals to isocrystals on log convergent site. So, we 
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give some preliminary results which arc needed to construct a functor from the category 
of isocrystals on relative log convergent site to the category of overconvergent isocrystals. 

In the following, for a sheaf of rings ^ on a site, we denote the category of ^-modules 
by Mod(w4) and the category of coherent ^-modules by Coh(^). 

First let us assume given a diagram 

(X,M^) ^-^ {V,Mr) 
(5.7) I 

X > To, 

where the notations are as follows: (X, M-^) is a fine log i?-scheme, {V, M-p) is a p-adic 
fine log formal i3-scheme and Vq is a p-adic formal ;B-scheme. The horizontal arrows are 
closed immersions and the left vertical arrow is the 'forgetting log' morphism. (Here we 
regard (formal) schemes naturally as fine log (formal) schemes with trivial log structures.) 
Moreover, let us assume given an open immersion jx '■ X ^ X satisfying ix{X) C 
{V, Mp)triv (this implies ix{.X) C (X, M-j^)tm) such that the morphism V — > Vq in the 
diagram (5.7) is formally etale on a neighborhood of X. Then we have a commutative 
diagram 

Vx 

]X[r, ]X[vo 

induced by (5.7) and jx- 

For the moment, we assume moreover that the closed immersion i admits a factorization 

(*) : (X, M^) {V, Mr') (P, Mp), 

where the first map is an exact closed immersion and the second map is formally log etale 
morphism of p-adic fine log formal B-schemes. Let us recall the following: 

Lemma 5.8. Under the above assumption, ipx is an isomorphism and Lpx induces an 
isomorphism between some strict neighborhood o/]X[p^ in ]X[p^ and some strict neigh- 
borhood of]X[pQ in ]X[-Pq. 

Proof. Since V — > Vo is formally etale on a neighborhood of X, there exists an isomor- 
phism of a strict neighborhood of ]X[p in ]X[-p and a strict neighborhood of ]X[-p(, in ]X[-py 
by strong fibration theorem. So we may reduce to the case V = Vq to prove the lemma. 
In this case, the upper horizontal line of (5.8) is rewritten as ]X[p' — >-]X[77/. Since the 
log structures on (V',M-p') and (V,M-p) are trivial on a neighborhood of X, the map 
V' — > V is formally etale on a neighborhood oi X. So tpx is an isomorphism by weak 
fibration theorem and (fx induces an isomorphism of some strict neighborhood of 
in ]X['pi and some strict neighborhood of ]X[-p in ]X[p, by strong fibration theorem. □ 

For two strict neighborhoods V ol ]X['p^ in ]X[-Pq (resp. ]X[p^ in ]X[p^), we denote 
the admissible open immersion V ^ W hy ayy/ (resp. cxyw) ^"^^ denote tty]x[p (resp. 
q;|°^ i„g) simply by ay (resp. o^y^). Then the admissible open immersions jx,jx^ induce 
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the functors Jx, Jx^'^ which are defined by jx '■— ^i]^vOiv,*(^v^ , jx '■— hrn yay^^ay^'''^ . It 
is known that jx (resp. Jx^'^) sends C]x[p -modules (resp. Oj^^jiog-modules) to jx^]x[.p " 
modules (resp. jxOj;^jiog-modules) and coherent C]x[^^ -modules (resp. coherent Op^^iog- 

modules) to coherent j\c^\x[p -modules (resp. coherent jxCj^jiog-modules). Then we 
have the following: 

Lemma 5.9. The functor j^x ° '^x,* '■ Mod(OjY[i°g) — ^ ^^^{jx^]x[-p ) exact and send 
coherent modules to coherent modules. We have the equalities of functors 

A ° 'Px,* = RiA ° ^x,*) = A ° R^x,* ■ Mod(0]^[^og) L>+(Mod(jlC)]x[^^)), 

A = A ° ^x,* o ^*x ■■ Mod(0]^[^J — > ModiAO]x[^J, 

Vx,*oA''^ = A o Vx,* : Coh(0,^[^og) Coh{AO^x[r,)- 

Proof. It is easy to see that the functor A ° 'Px,* is left exact. To show the right exactness, 
let us take a strict neighborhood Vq of \X['p^ in \X[pq such that '^'^{Vq) is isomorphic 
to Vo via ({}x- Then, for any surjection — > Ti of Cj^^jiog -modules, (</?x,*^i)|vb — ^ 

((/9x.*-^2) I vi, is surjective. Now recall that the functor lim yQ;v,*Q;y^, (where V runs through 
strict neighborhoods contained in Vq) is exact ([Be3, 2.1.3]). By applying this functor, we 
obtain the surjection {A°'Px,*)^\ — ^ {A°'Px,*)^2- A°'Px,* is exact. Moreover, for 
a coherent Cj^jiog-module T (v^x,*-^)|vb is a coherent Cvb -modules and so (j]^ o (/^x,*)^ = 

lim \/av',*Q^vvb((95x,*^)|yo) i^ ^ coherent jx^]x['°'^"-'^°*^^^^- A ° fx,* sends coherent 
modules to coherent modules. 

The first equahties in the lemma follows from the exactness of A A ° fx,*- The 
second equality of the lemma is proved as 

A ° fx,* of*x^ ljmvav,*ay^ipx,*f*x 

= ljmvav,*i(px\^-\v))*%^^~(l^)f*x 

= limyay,*(<^x|^^i(y))*(v^x|^-i(y))*ay^ = limytty^^ay^ = A: 

where the fourth equality follows from Lemma 5.8. 

Finally we prove the last equality of the lemma. The map of functors A ° fx,* — 
fx,* ° Jx^'^ is defined by 

A ° fx,* = lim vav,*ay^ fx,* = lini ygy ^ ((/?x I y-i (y) ) *%^\y) 

- liSJ v^x,*^,p-\v),*^ip-\v) — ^^'* ^™ vo:^-nv),*^<p-Hv) - fx,* ° Jx ■ 
We prove the exactness of (fx,* °A^'^ Coh(Cj^jiog). Since fx is isomorphic on fx^iV), 
the restriction functor f*x : Coh(j^C]Y[p) — Coh(_7x^'^CjYjiog) is an equivalence of 
categories by [BeS, 2.1.4, 2.1.10]. Moreover, since V' — V (where V' is as in the 
diagram (*) before Lemma 5.8) is formally etale on a neighborhood of X, we have, for 
any E G Coh{A^]x[-p) ^ equality Rfx,*f*xE = E hy Si special case of [C-T, 8.3.5]. 
Hence, for any F e Coh(jx^'^Oj-^jiog), we have Rfx,*F — fx,*F. Since Jx^'^ is exact. 
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we can conclude that the functor ^px,* o j^^^'^ is exact on Coh(Cj-^jiog). So, to prove that 
the map jx o (fx,* — ^ ^x,* ° jx^'^ isomorphic on Coh((9j^jiog), it suffices to check the 



isomorphism 

jx ° VX,*Op^^o^ (fix,* O Jx^'^0]^[l^g 

It is true since the left hand side is calculated as 



jx ° Vx,*0^xi'°'' = lim vay,*Cy = jxO^ 
and the right hand side is calculated as 

<PX,*0j^°^'^O^-j^^o, = VX,*V*xj]cO]x[-p, ^jx^]x[r,- 

So we are done. □ 

Definition 5.10. With the above notation, we define the functor jx '■ Mod(Oj-^jiog) — > 
Mod(jlO]^[^^) by j1 := o cpx,,. 

Next let us consider the case where the closed immersion i : (X, M^) ^ ("P, M-p) does 
not necessarily admit a factorization (*). Also in this case, we can define the functor 
jl^ : Mod(Cj;^jiog) — > Mod{jxOp^^^ ) by jx '■— jx ° ^x,*- Then we have the following: 

Proposition 5.11. With the above assumption, the functor jx sends coherent modules 
to coherent modules and we have RjxE — jxE for a coherent Op^^iog -module E. 

Proof. First, let us factorize the map -l-^ip^ — ^]-^[-Po ]^[!p^^^]^[p~^]^[po- Then 
there exists a strict neighborhood Vq of ]X[pg in ]X['pg such that (fix'^i^o) is isomorphic 
to Vq via ipx- Then we have 

= hmyQ;^]^[^^^^a;^y^((^^|^„-i(^^))*a*„-i(^^)j^l^ 

Moreover, <^x|^^-i(yQ) is an isomorphism, limv/a^/]X[p *'^vvb exact functor sending 
coherent modules to coherent modules and the same is true if we replace Vb by a smaller 
strict neighborhood. So it suffices to prove that, for some strict neighborhood V of ]X[p 
in ]X[p contained in Lp"x^{Vo), the functor C(yp^y^v'x,* sends coherent modules to coherent 
modules and that ay^-j^^^Wif'x^^E = holds for any coherent Oj^^jiog-module E and q> I. 
Next, let us take a Cartesian diagram 



where is a strict formally etale hypercovering such that each i^") admits a factorization 

flog , 



like (*) and that each T^^"^ is affine over V. Then g induces a morphism g 
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Then, for a coherent Cj^^jiog-module E, we have a'^j^^^R^ip'x^^E — Q;~j^-^j^i?5((/7^ o 
g)^{g*E) (q > 0) by Lemma 4.4. Let us consider the following factorization of (p'x o g: 

[p(') — 'J-^ b(') — ^J-^b- 
Then we have a-^^^^R'^ {ip'^ o g),{g*E) = a-^^^^R'^ {(3^'^ o -f(')),{g*E) for g > 0. 

Let us fix g > and put q' := max(2, q{q + l)/2). By Lemma 5.8, there exist a strict 
neighborhood of ]X(")[p(„) in ]X^"^[p(„) (here := X x^X^"^) for each n < q' 
such that is isomorphic to V^'^^ via 7^"^. Since a standard strict neighborhood 

of ]X'^")[^(„) in jX^^^fpCn) is the inverse image of a standard strict neighborhood of ]X[p 
in iXl-p, wc can assume by shrinking V'-''^ that p^'^'^'-^V) = holds (for n < q') for 
some strict neighborhood V of ]X[-p in ]X[-p. Then we put V^''^ := P^*^~^{V),V^*^ : = 
(Then we have the isomorphism 'j^'^^-^^^ : V^'^^ — ^ V^'^^ for n < q' .) 
If we put F(') := we have a'^^j^ /?"(/?(•) o 7(')),(5-*^) = R<i{{l3^'\(.)) o 

Let us consider the morphism : V'-*^ — > 1^: For any sufficiently small affinoid 

admissible open set U :— Spm (Q®^^) ^ T^, the morphism V^*'> XyU — C/ induced by 
is the one induced by some affine formally etale hypercovering of Spf A. So we 
have the descent property and the cohomological descent property for coherent modules 
for the morphism ([C-T, 7.3.3]). Since 7*-"''|y(„) is an isomorphism for n < q\ 

{{'y^"'^\y(n))*F^"'^}n<q' forms a compatible family of coherent (9y(n) -modules. So there 
exists a coherent Cy-module G and a homomorphism (/3*^*)|y{.))*G — > (7*'*'' ly(.))*-^^*^ 
which is an isomorphism for • < q'. 

bmce we have i?*(7(«)|^(„)),F(") = for u < q' and t > 0, we have the equality 
i?^(/3(")|y{"))*^*(7^"^lyw)*^^"^ = for M < g> > 0,t > 0. By the spectral sequence 
Er :=i?^(/3("VH)*^*(7^"^ly(.))*^^"^ =^ i?"+^(/3W|y(.)).i?*(7(-)|y(.))*FC), 

we obtain the equality i?"(/3W|y(.))*i?*(7W|^(.))*F(*) = for s < > 0. Then, by the 
spectral sequence 

Ei' := R\P^Xi',).R\l^'\i.))*F^'^ =^ i?^+*((/3W|y(.)) o {l^'\,„)).F^'\ 

we obtain the equality R'^{{|3^'\^.))o{^^^\^,^)),F^•) = i?«(/3W|y(.)),(7W Now 
let us consider the commutative diagram 

(5.9) 

E^ := i?^(/3(-)|yw).(7("%(.))*i^(''Wi?-+''(/3(-)|^(.))^(^(.)|~^.,),F(-) 

:= i?"(/9("Vw)*(/5^"V("))*G' =^ i?"+''(/3W|y(.)).(/3W|y(.))*G'. 
Since the left vertical arrow is an isomorphism for u < q', the morphism 

R'iP^Xi'MP^Xi'^TG R%P^'\Ml^%i,^)*F^'^ 
induced by the right vertical arrow in (5.9) is an isomorphism and by the cohomological de- 
scent property for I y(.), we have (/?W|y(.)),(/3(')|y(.))*G' = G, i?«(/3W|y(.) ),(/?(•) |y(.))*G 
= 0(g > 1). So we have (/9(*Vc))*(7^*%(.))*^^'^ = G and i?«(/3W|^(.)),(^(«)|~(.^),FW 
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= 0(? > 1). These imply the equahties o -f('))^{g*E) = G, a'^-^^^R'^iP^*^ o 

^^'^)^{g*E) = > 1). So we are done. □ 

Now assume that we are given a diagram 

(5.10) (X, M (F, My) ^ {y, My), 

where / is a morphism in (LS/B), {y,My) is an object in (pLFS/i3) and i is a closed 
immersion. Assume also that we are given open immersions X C. X ,Y C. Y satisfying 
X C (X, il%)tnv, Y C {y, My)tri, and /(X) C Y. 

Assume for the moment that the above diagram fits into the diagram 

(X,iV%) {V,Mr) 

(5.11) / 

{Y,My) {y,My), 

where {V, M-p) is a p-adic fine log formal i3-scheme, is a formally log smooth morphism 
and i is a closed immersion satisfying X C (P, Mp)triv For n e N, let (V{n),M-p^n)) be 
the (n + l)-fold fiber product of (P, Mp) over (3^, My) and let Vain) be the {n + l)-fold 
fiber product of V over y. Then we have the exact functors 

A:Coh(0j^j..^)^Coh(AO]^(^^^J 
which are compatible with pull-backs by the projections 

Pi ■■Wt;i)^]n;io) = 1,2), Pij (1 < ^ < J < 3) 

and the diagonal A : ]X[p(Q-)"^]X[p^j^). So they naturally induce the functor 

/conv((X/3^)'°'^) ^str"((X^p/3;)i'^s) ^/t((x,X)/3;;,,p) = /t((x,X)/3;;,), 

which we denote also by . 

In the case where there does not necessarily exist the diagram (5.11), we can construct 
the diagram 

(X, A%) ^ (X^*\M-(.)) ^ (pW,Mp(.)), 

where /i is a strict etale hypercovering, i^*^ is a closed immersion over l such that each 
(7?(")^Mp(„)) is formally log smooth over CV, My) and AT^ C (T'W, Mp(.))tnv holds, 
where AT^') := X X^*\ If we denote the category of descent data with respect to 

/conv((X^"V3^)'°') (resp. /t((XW,X^"V3^)) for n = 0,1,2 simply by A^onv (resp. At), 
the functor in the previous paragraph naturally induces the functor Aconv — ^ A^. So 
we have the canonical functor 

hon.{{X/y)'^^) ^ Aeonv ^ At ^ l\{X,X)/y), 

which we denote by j]^. It is easy to check that the definition of the functor j]^ is 
independent of any choice which we have made. 
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Remcirk 5.12. Let the situation be as above and let £ be an object in /conv((-^/3^)^°^)- 
Then, associated to £, we have a coherent 0,^(.).iog -module ^^'^ with integrable log 

connection 



On the other hand, associated to jIqE, we have a coherent j^xO^-^^,)^ -module with 
integrable connection of the form 



V : ji£^'^ > A£^'^ ®A n Jx^-C). , ■ 



By construction of the functor j^, we can see that jx(V) = V holds. So we have the 
canonical isomorphism of de Rham complexes jxDR(\X^*^^^f,-^/yK,£) = DR^(]X[p/3^/^, 
jx£)- Note that, since each term of DR(]X * [pf.)/3^x,^) is coherent, wc have the quasi- 
isomorphism jlDR(]X^'^gf.)/3;^, = RjiDRQX^'^tvU/yK,^) by Proposition 5.11. 



Now we prove our first main result in this section: 
Theorem 5.13. Assume we are given a diagram 

(5.12) (X, Mx) (F, My) ^ {y, My) 

and open immersions jx '■ X ^ X , jy : Y ^ Y satisfying X C (X , M-x)tm,Y C 
{y, My)triv dnd f~^{Y) — X, where f is a proper log smooth integral morphism in (LS/i?) 
having log smooth parameter and l is a closed immersion in (pLFS/B). Then, for a locally 
free isocrystal £ on {X /y)^°^^^ and q >0, we have the isomorphism 

jYR'^fx/y,an*^ = -R^/(x,X)/J,rig*A^ 

of jyOyy^^ -modules. In particular, R'^f(x,x)/yiig*jx^ ^ coherent jyO^^^-module. 

Proof. First we construct the map iyR'^ f^/y sn*^ — f{x,x)/y rigJx^ ■ Let us take an 
embedding system 

(X,Mx) ^ {X^*\M-„)) ^ (pW^Mpo) 

satisfying X^''^ C {V^'\ M-p(,))triv, where X'^'^ := X X^*\ Then we have the diagram 
of rigid analytic spaces 
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Then we have 

(4) RjlRfx/y,...£ = RjlRh'^^TiHW^'^ t;i) /yK, £) 

RKRj\B^(SX^'^ [^f.) /yK, £) (induced by o h}^^ ^ K o jj,) 
^ RKjl,BR{]X^''^trU/yK,S) (Remark 5.12) 
= RKBR'fQx'-'^ [p(.) /yxjlc^) (Remark 5.12) 

and by taking the g-th cohomology sheaf of the above map, we obtain the map 
(5-13) iy-^^/x/y,an*^ ^'^f(x,x)/y,ngJx^- 

(We have W{RjiRf^jy^^^^8) = jyR" fx/y,^n*^ by Corollary 4.7 and Proposition 5.11.) 
We will prove that the map (5.13) is an isomorphism. 

Let us take a strict formally etale hypercovering e : {y^*\ My{,)) — * {y,My) such 
that, if we put (F^'\My{.>) := {Y, My) X{y,My) iy^'\ My{,)), the closed immersion 

{Y''"'\ M-(m)) ^ (y^'^^Myim)) admlts a factorization 

(F<"^\M-<.>) ^ {y^'^\My,,m,) {y^^\My,^,) 

for each m, where the first map is an exact closed immersion and the second map is 
formally log etale. Then, since -R^/x/yan*^ coherent, we have Re^.e^iyR'^f^iy^^^E 
= e*e*jyi?V-x/y,an*^ = iy^Vx/y.an*^ ^y [C-T, 7.3.3], where we denoted the morphism 
]y^*^[j;{.> — ^]Y[y also by e. Moreover, we have the equality of functors Jy{.>e* = e*Jy for 
coherent modules and the base change isomorphism R'^ fjc /y an*^ ~ fjc^''> /y{') 

where £^*^ is the restriction of £ to X^'^ /y^*\ (This follows from the analytically fiat base 
change theorem. Theorem 4.6, Remark 4.2 and Lemma 2.16.) So we have the isomorphism 

(5-14) ^4<.)^V^<.)/3,M,_^<-^ = 3iR'fx,y,^.^- 

On the other hand, let 

(pW<«),M^(.)(.)) ^ (X(-)<-\m_(.)(.)) — . (X<-\m_w) {Y^'\M-„)) ^ {y'^'\My,.,) 

be the pull-back of the diagram 

(p(-),Mp(.)) ^ (X^'\M-(.)) (X,M^) ^ (F,My) {y,My) 
by e and denote the induced morphisms 
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by h, h, respectively. Then we have 

= RKDR^{]X^''^^'\T,,.H.)/yK,jlcS) ([C-T, 7.3.3, 9.1.1]) 

= Re^Rf ^^(.^ -(.> ^^y^,^ ^ngjx^^'^ ■ 
Then, if we have the isomorphism 

we have 

R''*R'fixi'lx<'^yy<^KriJxS = R'e.jU'>R'fx<'^/yi.>,.^/ = R'e.e*jiR'fx/y,.n.^ = 
for s > 0. Hence we have 

R''f{x,x)/y,TigJx^ = ^*R'^ f (x(') pc^'^)/y(') ,rigJ^x^ 

- ^*^Y(')R''fx'^'^/y(')^i,n*^ = jyR'' fx /y, 3.11*^- 

So the theorem is reduced to the isomorphism (5.15). To prove the isomorphism (5.15), we 
may replace • by m e N. So, to prove the theorem, we may replace {Y, My) ^ {y, My) 
by (y<"*>,My<^>) (J^<->,My<^>), that is, we may assume that (Y, My) ^ (3^, My) 
admits a factorization 

{Y,MY)^{y,My,)^{y,My), 

where the first map is an exact closed immersion and the second map is formally log etale. 

Next, let us put {P'^*\ M^,(.)) := (p(*),Mp(.)) x^y^My) iy',My). Then the second 
projection (P'^*\ M^,(.)) — > (y'^My) and the map {y',My) — > (y^My) induce the 
diagram 

]x'Xf^, ^ iFgf ^ ]Fe^ 



]X^'\r'i'^ ]Y[y ]Y[y 

and by definition of log tubular neighborhood, 7^°^, (p'y are isomorphisms. (Hence we have 
7 = (fiY-) Then we have the following isomorphisms: 



fYR'fx/y,.n.^ = jW:'R'h':'m]x'"\:;f,jyK,s) (* 

= jW:'R'h":'BR{]x^'^^;f,jy^,s) M 



* * * 



where (*),(**),(***) are isomorphisms by the following reasons: (*) is an isomorphism 
since we can calculate the log analytic cohomology by using the formally log smooth 
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morphism {V'^*\ M^,(,)) — > {y,My). (**) is an isomorphism because {y',My/) — > 
{y, My) is formally log etale. (* * *) is an isomorphism because we have 

for coherent modules by Lemma 5.9. On the other hand, we have 

Rfix,x)/y,ri,Jx^ = R^*RKDR'<{]x^'\^,,,,/yKjl,£) 
= R-f.RhiBR\]X^'\T,„.)/y'K,AS) 

= Rj*Rf(^x,X)/y',rigJx^ 

because we can calculate the relative rigid cohomology by using 

— . 3; and J^' — >y 
is formally etale on a neighborhood of Y. So, if we have the isomorphism 

(5-16) jY^'^fx/y',an*^ -^'/(X,X)/y',rig*ii:^' 

we have R^l*R'^f(^xx)/y'Tig*jx^ = for s > (which follows from [C-T, 8.3.5] and the 
fact that 7* : Coh(jyC]y[^) — > Coh.{jlrOjY^ J is an equivalence of categories) and so we 
have 

R'^f(x,x)/y,TisJx^ = l*R^f(x;x)/y',mg*jx^ 

— 1 *3y R^ flC /y ,a.n*^ — iy-^*/x/y,an*^- 

So the theorem is reduced to the isomorphism (5.16). Hence, to prove the theorem, we 
may assume that the map {Y , My) ^ (3^, My) is an exact closed immersion. 

Next, let {{ym, ^ym)}m be the system of universal enlargements of (F, My) ^ {y, My) 
and let 

Mj^J (F^, My J ^ (3^„, My J 
be the pull-back of the diagram (5.12) by (3^^, My^) — > (3^, My) and put Xm ■— X 
Xjn- Then we have the admissible covering Um3^m,K and it is easy to see that the 

restriction of jyR'^fx/y^^^^ (resp. R''f^x,x)/y,TigJx^) to ym,K is naturally isomorphic to 
JYR'Jxm/ym^^n*^ ('^esP- ^''f{Xm,Xr^)/yr^,rigjU)- So, we may replace (F, 71%) ^ {y,My) 
by {Ym: My^) ^ (D^m, Mvm) provc the theorem: So we can reduce to the case where 
[Y, My) ^ (3^, My) is a homeomorphic exact closed immersion. 

Now we prove that the map (5.13) is an isomorphism under the assumption that 
(F, My) ^ {y, My) is a homeomorphic exact closed immersion. To show this, it suf- 
fices to prove that the map 

(5.17) RjlRh':^DR{]X^'^\^;U/yK,S) RKRj^x^R{]X^'^\^;U/yK,S) 
in (d|b) is a quasi-isomorphism. We may replace • by m e N and by taking a Zariski 
covermg of V^""^ (and the induced covermg of X^"*^), we may reduce to the case where 
X^^^ is affine. Then there exists a formally log smooth morphism (Q, Mq) — > (y, My) 
with (Q, Mq) X(^y^My) {Y : My) = {X^'^\ M—(m)). Then, the both hand sides and the map 
in (5.17) (with • = m) are unchanged in derived category if we replace {V^'^\ M-p(m)) by 
(Q, Mq). So we can reduce to the case that the morphism (V^™'\ M-p(m)) — > (y,My) 

satisfies the equality (P*^"*\ Mp(m)) 'X{y,My) {Y,My) — {X^"^\ M—(m)) . In this case, we 
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can easily see that the map (5.17) (with • = m) is an isomorphism, because we can see 
the equahty of functors jy ° h}°^ o j]^ in this case, by the quasi-compactness and 

quasi-separatedness of the morphism — > yx —]^[y- So we have finished 
the proof of the theorem. □ 

Now let us take a triple of the form {S, S, S) and assume that we are given a diagram 

(X, M^) (F, My) S 

and open immersions jx '■ X ^ X,jy :Y ^ Y with X C (X, MY)triv) ^ ^ (X ) ^F)triv 
and f^^(Y) = X, where / is a proper log smooth integral morphism in (LS/B) having 
log smooth parameter and g is a. morphism in (LS/B). Let £ be a locally free isocrystal 



)log 
con- 

this section. 



on (X/5)J,°^^. Then we have the following theorem, which is the second main result in 



Theorem 5.14. Let the notation be as above. Then, for any q there exists uniquely 
an overconvergent isocrystal T on (Y,Y)/Sk satisfying the following condition: For any 
strict morphism {Z,M-^) — > (Y,My), open immersion Z "-^ Z with Z CY Xy Z and 
a closed immersion {Z, M-^) ^ {Z, Mz) into a p-adic fine log formal B-scheme {Z, Mz) 
formally log smooth over S satisfying Z C (Z, Mz)tm, the restriction of T to the category 
^KiZ, Z)/S, Z) is given functorially by {R" f^xxy z,xxyZ)/z, rig* J x^^ e), where e is given by 

P2-R^/(XxyZ,XXyZ)/2,rig*ii:^ ~^ R'^f(XxYZ,XxYZ)/ZxsZ,y:igJx^ 

<— Pl-R^/(XxyZ,XXyZ)/2,rig*ii:^- 

{Here pi {i — 1, 2) denotes the i-th projection ]Z[zxsZ — ^]Z[z-) 

Proof. By Corollary 4.10, there exists an isocrystal ^ on (V'/5)J.°|y such that, for the 
closed immersion {Z, M-^) ^ {Z, Mz) as above, ^ induces via the functor 

/conv((y/5)'°^) 7conv((^/c5)^°^) ~ Str"((Z ^ Z/Sf'^^) 

the object (-R^/xx— z/2 an*^' where e is the canonical isomorphism 

P2-R^/xXyZ/2,an*^ ~^ R'^ flCx^ / ZxsZ,a.n*^ ^ Pl^-"^ flCxyZ / Z,3.n*^ ■ 

(Here pi denotes the i-th projection ]-Z^[^xs2 — Then, by Theorem 5.13, one can 
see that the overconvergent isocrystal T :— jy^ is the one which satisfies the condition 
of the theorem. 

We prove the uniqueness of T. Take an embedding system 

(5.18) (F, My) ^ (F^'\ M-(.)) {y^'\My„)) 

satisfying y^*^ C {y^*\ My(.))triv, where F^'^ := Y XyY^*\ Let us denote the category of 
descent data with respect to /t((rW^ y^"))/^^^ j;^) (n = 0, 1,2) b}^/t((rW, F^'V'^x, 
y'^*''). Then, by the condition required for JF in the case where Z, {Z, M-^), (Z, Mz) are 

equal to (F^"\M-(n)), (y^^'KMyM) respectively (for n = 0, 1,2), the restriction of 
by the functor 

(5.19) I\{Y,Y)/Sk) l\{Y^'\Y^')/SK,y'-'^) 
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is uniquely determined. Since the functor (5.19) is an equivalence of categories by Propo- 
sition 5.1, we have the uniqueness of T . So the proof of the theorem is finished. □ 

Corollary 5.15. Let ^ (y,F) {S,S) be the morphism of pairs induced by 

the situation in Theorem 5.14 and let 8 he as in Theorem 5.14- Then Conjecture 5.5 {the 
version without Frobenius structure) is true for the overconvergent isocrystal jxS . 

Proof. Let us take a diagram 

(5.20) (F, My) (7^°^ , M^(o) ) {y^'^ , My(o) ) , 

where g^^^ is a strict etale surjective morphism, i^^^ is a closed immersion in (pLFS/B) with 
y(o) c (y^^\ Mym)triv (where := Y x^F^°^), (y^^\ Mym) is formally log smooth 
over S and y^^^ is formally smooth over S. Using this diagram, we define the category C 
as the category of triples {Z, Z, Z) over 

^y(o)^y(o)^ j;(o)-) g^^j^ ^j^^^ ^ jg formally smooth 

over 

Let us take an object {Z, Z, Z) in C and let M-^, Mz be the log structure on Z, Z defined 
as the pull-back of M— (o) , M-y(o) , respectively. Then the open immersion Z ^ Z and the 

closed immersion (Z, M-g) ^ (Z, Mz) satisfies the condition required in the statement of 
Theorem 5.14. So, by Theorem 5.14, the restriction of the overconvergent isocrystal J- by 
I^{{Y,Y)/Sk) I\{Z,Z)/Sk,Z) is given by (i?V(xx,z,xx-z)/^,rig as in the 

statement of Theorem 5.14. Moreover, if we define (y^**"*, M— (n)) (resp. (J^^"), M— („))) to 

be the (n+ l)-fold fiber product of (F^°\ M-(o)) (resp. {y^^\ M-^)) over (F, My) (resp. 

S) and if we put F^") := Y Xy y^""*, we have the embedding system (5.18) and the triple 

(Y^'^\Y^^\y^"'^) is contained in the category C. From these facts, we can deduce the 
uniqueness of the overconvergent isocrystal J- in the same way as the proof of Theorem 
5.14. So we are done. □ 

Finally, we give a result on Frobenius structure on the overconvergent isocrystal which 
is constructed in Theorem 5.14. 

In the following, let us assume that k is perfect and that {B, Mq) is the formal scheme 
Spf endowed with trivial log structure. (So {B, Mb) := {B, Mb) ®Zp is the scheme 
Spec /c endowed with trivial log sturucture.) Let y be a finite totally ramified extension 
of W, let TT be a uniformizer of V and put S := Spf V, S := Spec V/nV = B. 

Let us fix an integer q which is a power of p. For a fine log scheme (X, Mx) over Fp, let 
Fx be the g-th power Frobenius (the endomorphism (X, Mx) — ^ {X, Mx) induced by the 
q-ih. power endomorphism of the structure sheaf). Assume that we have an endomorphism 
a : S — > S which lifts Fs : S — ^ 5" and fix it. Then, if we have a pair (X, X) over 
(5*, 5"), we have the canonical functor 

F*x : /conv((^/5)^°^) /eonv((^/5)'°^) 

induced by the morphisms Fx and a. An overconvergent F-isocrystal on {X,X)/Sk is 
defined to be a pair (^, a), where Q is an overconvergent isocrystal on {X, X)/Sk and a 
is an isomorphism FxQ ^. a is called a Frobenius structure on Q. 
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Now assume that we are given a diagram 

(X, A%) M (F, My) ^ S 

and open immersions jx '■ X ^ X , jy ■ Y Y with X C (X , M-Y\j.iy,Y C (y, My)ti.iv 
and f~^{Y) — X, where / is a proper log smooth integral morphism in (LS/B) having 
log smooth parameter and g is a. morphism in (LS/B). Let £ be a locally free isocrystal 
on (X/iS)|,°^jy such that j^S (which is an ovcrconvergent isocrystal on {X, X)/Sk) admits 
a Frobcnius structure a : F^jxS jx^- By Corollary 5.15, we have the g-th rigid 
cohomology overconvergent isocrystal JF ol jj^S, which is an overconvergent isocrystal on 
(Y, Y)/Sk- Then we have the following theorem: 

Theorem 5.16. With the above notation, there exists the canonical Frobcnius structure 
on T which is induced by the Frobcnius structure a on jx^- 

Proof. Let us take a diagram 

as in the proof of Corollary 5.15 endowed with the endomorphism ay{o) : (3^^°^ Myco) — 
{y^^\My(o)) which is compatible with F— (o) and a, and let us define the category C as 
the category of triples {Z, Z, Z) in C endowed with an endomorphism az '■ Z — > Z 
compatible with F-^^a and Oy(a). For (Z^Z^Z^oz) in C. let Tz be the restriction of 
T to P{{^Z.,Z)ISk-,Z,). Then it suffices to introduce a Frobcnius structure on Tz in 
functorial way: Indeed, if we define (F^"\M-(„)), (3;W,M-(„)), as in the proof of 
Corollary 5.15 and if we define Uyi^) : M— {„)) — >• {y^'^\My(n)) as the morphism 

induced by cr-y(o), we have the embedding system (5.18) endowed with a-y{.) and we have 

71) ) e C So we can define the Frobenius structure on the restriction 
of T by the equivalence of categories (5.19). 

So let us take {Z, Z, Z, az) in C and rewrite ZxyX, ZxyX, Z, Z, Z, oz as X, X, F, y, 3^, 
(Ty, respectively. Then we are in the situation where there exists a closed immersion 
(F, My) (3^, My) into a fine log formal ;B-scheme (3^, My) formally log smooth over 
S with Y C (3^, My)triv, endowed with an endomorphism oy : {y, My) — > {y, My) 
compatible with Fy and a. In this situation, we have the canonical homomorphism of 
jy ^]Y[y dules 
(5.21) 

'^y^''f{x,x)/y,rigJx^ f{x,x)/y,iig*^xjx^ ^'^f{x,x)/yiigJx^ 

(where F* is induced by and ay) and it suffices to prove that this homomorphism is 
an isomorphism. 

We prove the above claim, following partly [Ts2, 3.3.3, 4.1.4]. By using the faithfulness 
of the restriction functor Coh{jyOyy^^) — > Coh{0]Y[y), we can reduce to the case Y = Y 

(and X = X,jI^S = S) to prove the claim. Moreover, by using [Bo-Gu-Re, 9.4.7], we 
may reduce to the case where Y —: y is a, closed point. Let k' be a finite Galois extension 
of k containing the function field of y, let S' :— SpecA;',<S' := Spf y (where V is the 
unramified extension of V with residue field k') and let us denote the base change of the 
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diagram X — )• y ^ y hy S' — S by X' — > y' ^ y'. Then, since S' — > S is finite 
etale, we may replace X, y, y, S, S by X', y', y', S', S' to prove the claim. Since y' is a 
disjoint union of finite number of the schemes isomorphic to S', we may assume that the 
function field of y is equal to k to prove the claim (for X — > y ^ y )- Then we can form 
the following diagram: 

X — U y y 



X — ^ y > S, 

where the lower right horiozontal arrow is the closed immersion induced by the surjection 
V — )• k. Then, by the analytically flat base change theorem, it suffices to prove the 
claim for the lower horizontal line in the above diagram, that is, we may assume y — S. 
In this case, the homomorphism (5.21) is nothing but the homomorphism of convergent 
cohomologies 

(5.22) /7^((X/5)eonv, S) H\{X/SU^,, F*^S) ^ H\{X/S)^^,, £) 

induced by {S,oi). Moreover, by [Tsl, 5.1], we have the direct image functor r* : 

Iconw{X/S) — > Iconv{X/B) which scuds convergent F-isocrystals {S,a) on (X/iS)conv 
to convergent F-isocrystals (r*£,r*Q!) on {X/B)coirv, and the homomorphism (5.22) is 
rewritten as 

Hi{{X/B)^^,, nS) H\{X/BU^,, F*xT,S) 1" H'i{{X/B)^^,, S). 

So we are reduced to the case S — B. In this case, the homomorphism (5.22) is identical 
with the following homomorphism of crystalline cohomologies 

(5.23) 

H%{X/B)^,M^)) H%{X/BU,,F*^{E)) ^ m{{X/B)^,M^)). 

So we are reduced to showing that the first map in the diagram (5.23) is an isomorphism. 
To prove this assertion, we may reduce to the case q — p- Denote the fiber product 

B X Fg^B X by X' and factorize the Probenius map Fx : X — > X as X — > X' — > X, 
where Fx/b is relative Frobenius and pr is the projection. Then, if we denote pr*<l>(£) by 
S\ the first map in (5.23) factors as 

(5.24) 

H%{X/B),.y,,^S)) ^ H^{iX'/BU,,S') ^ //H(X/B)erys,Fi/BO- 

The first map in (5.24) is an isomorphism by base change theorem (Theorem 1.19). So it 
suffices to prove that the second map is an isomorphism. In this case, note that £' has 
the form S' = Q ^ J-', where is a p-torsion free crystal on {X/B)cTys in the sense in 
[04, 5.1]. (It follows from the fact that L" in Lemma 1.23 is p-torsion free. See also [02, 
0.7.5].) So the triple (J^, F^^/^J^, id : -FJ^/b^ F^/b^) fo™s an F-span on X/B in the 
sense in [04, 5.2.1]. Moreover, by [04, 5.2.9], this triple is automatically an admissible 
F-span, because we have Rx/b = in the notation there since the log structures on X, B 
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are trivial. Then, by [04, 7.3.1], we can conclude that the second map in (5.24) is an 
isomorphism. So we have finished the proof of the theorem. □ 

References 

[Ba-Ch] F. Baldassarri and B. ChiarcUotto, Algebraic versus rigid Cohomology with logarithmic 

coefficients, in Barsotti Symposium in Algebraic Geometry, Academic Press. 
[Bel] P. Berthclot, Cohomologie cristalline des schemas de caracteristique p > 0, Lecture Note 

in Math. 407, Springer- Verlag (1974). 
[Be2] P. Berthelot, Geometric rigide et cohomologie des varietes algehriques de caracteristique p, 

Bull. Soc. Math, de France, Memoire 23(1986), 7-32. 
[Be3] P. Berthelot, Cohomologie rigide et cohomologie rigide a supports propres premiere partie, 

propublication de I'IRMAR 96-03. 
[Be-0] P. Berthelot and A. Ogus, Notes on crystalline cohomology, Mathematical Notes, Princeton 

University Press, 1978. 

[Bo-Gu-Re] S. Bosch, U. Giintzer and R. Remmert, Non- Archimedean analysis, Grundlehren der math. 
Wissenschaften 261, Springer- Verlag, 1984. 

[C-F] B. Chiarellotto and M. Fornasiero, Logarithmic de Rham, infinitesimal and Betti cohomolo- 

gies, J. Math. Sci. Univ. Tokyo 13(2006), 205-257. 

[C-T] B. Chiarellotto and N. Tsuzuki, Cohornological descent of rigid cohomology for etale cover- 

ings. Rend. Sem. Mat. Univ. Padova, 109(2003), 63-215. 

[E] J.-E. Etesse, Descente etale des F-isocristaux surconvergents et rationalite des fonctions L 

de schem,as aheliens, Ann. Sci. Ec. Norm. Sup. 35(2002), 575 603. 

[Ga-Ra] O. Gabber and L. Ramero, Almost ring theory. Lecture Note in Math. 1800, Springer 
Verlag, 2003. 

[Gr-Dl] A. Grothendieck and J. A. Dieudonne, Elements de Geometric Algebrique I, Springer Verlag, 
1971. 

[Gr-D2] A. Grothendieck and J. A. Dieudonne, Elements de Geometric Algebrique IV, Pub. Math. 
IHES 20. 

[H-Ka] O. Hyodo and K. Kato, Semi-stable reduction and crystalline cohomology with logarithmic 

poles, Asterisque 223(1994), 221-268. 
[Ka] K. Kato, Logarithmic structures of Fontaine- Illusie, in Algebraic Analysis, Geometry, and 

Number Theory, J-I.Igusa ed., 1988, Johns Hopkins University, pp. 191-224. 
[Kel] K. S. Kedlaya, Descent of morphisms of overconvergent F-crystals, arXiv:math/0105244vl. 

[Ke2] K. S. Kedlaya, Finiteness of rigid cohomology with coefficients, Duke Mathematical Journal 

134(2006), 15-97. 

[Ke3] K. S. Kedlaya, Semistable reduction for overconvergent F-isocrystals, I: Unipotence and 

logarithmic extensions, Compositio Math. 143(2007), 1164-1212. 

[M-Tr] S. Matsuda and F. Trihan, Image directe superieure et unipotence, J. fiir die reine und 

angew. Math. 569(2004), 47-54. 

[N-S] Y. Nakkajima and A. Shiho, Weight-filtered, convergent com,plex, preprint. 

[01] A. Ogus, F-isocrystals and de Rham Cohomology II — Convergent isocrystals, Duke Math. 

J., 51(1984), 765-850. 

[02] A. Ogus, The convergent topos in characteristic p, in Grothendieck Festschrift, Progress in 

Math., Birkhauser. 

[03] A. Ogus, F-crystals on schemes with constant log structure, Compositio Math., 97(1995), 

187-225. 

[04] A. Ogus, F-crystals, Griffiths transversality, and the Hodge decomposition, Asterisque 221, 

1994. 

[SD] B. Saint-Donat, Techniques de descente cohomologique, Expose V bis in Thcorie des topos 

et cohomologie etale des schemas. Lecture Note in Math. 270, Springer- Verlag. 

[81] A. Shiho, Crystalline fundamental groups I — Isocrystals on log crystalline site and log 

convergent site, J. Math. Sci. Univ. Tokyo, 7(2000), 509-656. 



RELATIVE LOG CONVERGENT COHOMOLOGY I 



69 



[S2] A. Shiho, Crystalline fundamental groups II Log convergent cohomology and rigid coho- 

mology. J. Math. Sci. Univ. Tokyo, 9(2002), 1-163. 
[Tsl] N. Tsuzuki, On the Gysin isomorphism of rigid cohomology, Hiroshima Math. J., 29(1999), 

479 527. 

[Ts2] N. Tsuzuki, On base change theorem and coherence in rigid cohomology, Documenta Math., 

Extra Volume Kato (2003), 891-918. 

Graduate School of Mathematical Sciences, University of Tokyo, 3-8-1 Komaba, Meguro- 
Ku, Tokyo 153-8914, JAPAN. 



